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ABSTRACT

Lindsey, Rhett Ellis M.S., Department of Physics, Wright State University, 2010.
THE DERIVATION AND TESTING OF THREE-DIMENSIONAL LINE EQUATIONS
THAT PREDICT THE LOCATION OF BRACHYTHERAPY SOURCES

In High Dose Rate brachytherapy, a catheter is placed inside the body and a radioactive
source is allowed to dwell at specific positions to treat a tumor. In normal usage,
anatomical images acquired before the treatment are used to plan dwell positions, and
then the plan is executed without further verifying source locations during treatment.
However, slight errors in catheter positioning and shifts in internal anatomy cause
variations in source position. In this study, a general method for determining dwell
positions during treatment is evaluated. For this method, the treatment source exposes
the tumor to radiation and creates an image on a film after the radiation passes through a
constructed phantom. 3D line reconstruction is then used to back-extrapolate to the
source location. Experiments are performed for several types of catheter movement.
Two methods of identifying image locations and two mathematical methods for backextrapolation are evaluated.
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Introduction
High dose rate brachytherapy (HDR brachytherapy) is a standard modality used to
treat cervical, prostate, breast, and lung cancer.

Over the years it has become

increasingly clear that the accurate placement of HDR sources is paramount to the
patient’s outcome.
However, many of the methods developed to locate HDR source coordinates have
focused on the location of dummy sources and not on the actual live sources. This can be
problematic since the verification of dummy sources assumes that there is no movement
in source location when changing from dummy to live radioactive sources. Thus, out of
necessity, Song, Bowsher, Das and Yin proposed a method that is able to determine
active source coordinates (instead of dummy coordinates) through the formation of
images on a film that are caused by radioactively opaque ball bearings [1]. Through the
utilization of three-dimensional (3D) line equations that relate the ball bearings to images
on the film, it is possible to extrapolate the coordinates of the active sources.
Using this method, the work of Song, Bowsher, Das andYin showed promising
results. They were able to determine the distance between dwell points with a mean
difference of -0.07 cm and standard deviation of 0.15 cm.
Although the work of Song, Bowsher, Das and Yin was a step in the right
direction, it was not without its flaws. Song, Bowsher, Das and Yin made certain

1

assumptions about the geometric relations between the ball bearings and film images in
order to simplify the mathematics of their derivation. However, the assumptions made by
Song, Bowsher, Das and Yin are not universal and therefore severely limit the scope of
their derived equations. 1
Another problem with the equations derived by Song, Bowsher, Das and Yin is
that their denominators must be non zero2. This is a major drawback since this condition
does occur in practice.
Therefore, a complete method, either mathematically or in practice, must not
include any coordinate assumptions or be limited to cases where the denominator must be
non- zero.

In this paper we have developed such a method that is not based on said

assumptions but on a general geometry.
Also, the authors’ choice of comparing the difference between the known dwell
points (1 cm) to the difference between the calculated dwell points seems odd since this
information is of no practical importance to a medical physicist. What is important are
the 3D coordinates of the HDR source. Therefore, in this paper we compare known 3D
coordinates of an HDR source to the calculated 3D coordinates of an HDR source.

1
2

Please see the discussion section for more information on this topic.
The equation derived by Song, Bowsher, Das and Yin can be seen in the discussion section.

2

Background
High dose rate brachytherapy (HDR brachytherapy) is a standard modality used to
treat cervical, prostate, breast, and lung cancer. HDR brachytherapy is the preferred
method of treatment for these types of cancers because of its ability to directly affect
surrounding cancer cells while sparing normal tissue. This is untrue of other modalities
that use Linear Accelerators (Linac) to bombard the cancer and body of the patient with
radiation.
The process of administering HDR brachytherapy radiation to a cancer patient
varies depending on the type of cancer being treated. However, for brevity, the authors in
this section will focus on the treatment of prostate cancer even though the method the
authors describe in this paper can be utilized for any type of HDR brachytherapy cancer
treatment.
HDR brachytherapy consists of a network of catheters which are strategically
placed inside a target volume (in this case a prostate). A radioactively tipped (usually IR1923) wire is then mechanically stepped through each catheter at predetermined
increments of time and distance called dwell times and dwell points respectively. In
other words, the radioactive wire stops at each of these dwell points for a predetermined
amount of time to irradiate the surrounding tissue. Once the procedure is finished, the
catheters and the radioactively tipped wire are pulled out of the patient.

3

Iradium-192 is a beta and gamma emitter.

3

Figure 1 HDR brachytherapy used to treat prostate cancer. The brachytherapy machine and catheters are clearly visible [2].

Before HDR brachytherapy can be performed on a prostate many different
procedures need to occur to assure that HDR brachytherapy is performed properly. First
the patient undergoes a CT scan to assess the patient’s anatomy. After the CT scan, the
patient is laid on his back and receives an epidural anesthesia for his comfort.

A

transrectal ultrasound probe is then used to measure the volume inside the patient’s
prostate [3]. Using this information along with the information gained from the CT scan,
the Radiation Oncologist and Medical Physicists can plan for the placement of catheters,
dwell points and the length of dwell times. The decisions of where to place the dwell
points and how long to make the dwell times are made with the Therapeutic Ratio in
mind:

ܶℎ݁= ݅ݐܴܽ ܿ݅ݐݑ݁ݎ

ݏ݈݈݁ܥ ݈ܽ݉ݎܰ ݐ ݁ݏܦ
ݏ݈݈݁ܥ ݎ݉ݑܶ ݐ ݁ݏܦ
4

(1)

Thus, the goal of HDR brachytherapy planning is to keep the Therapeutic Ratio as low as
possible [4].
Once the Radiation Oncologist and Medical Physicist have agreed on a plan, the
transrectal ultrasound probe is used again to place hollow brachytherapy catheters inside
the patient prostate. Next, a dummy non-radioactive wire, which is marked for each
potential dwell point, is placed inside each of the patient’s catheters. An x-ray is then
obtained of the brachytherapy setup to assess the efficacy of the treatment plan.
Permission is given to conduct the actual HDR brachytherapy procedure if the setup is
determined to be effective by the evaluation of dummy sources.
However, unlike with the dummy sources, no such images of the live sources are
collected during the actual procedure due to the dangers of occupying a room with an
active radioactive source. The fact that no such image is obtained during treatment is
problematic since dose calculations are sensitive to small variations in source placement.
These variations can be caused by malfunctioning equipment or through the movement of
catheters due to normal changes in human anatomy.
In fact, one recent study by Crook, Raymond, Salhani, Yang and Esche showed
that the base of the prostate moved more than 1 cm posteriorly in 30% of the patients
studied and inferiorly in 10% of the patients studied [5]. Another study by Yoshida, et al.
showed that on average catheters placed inside the patient can move up to 7 mm [6].
Therefore, a method for ascertaining the three dimensional coordinates of an HDR source
in real time is paramount to brachytherapy plan verification and implementation.
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One such method was proposed by Song, Bowsher, Das, and Yin in the journal of
Medical Physics [7]. In this method, ball-bearings (BB’s) were arranged in a T-shaped
pattern inside a plastic tray as seen in Fig. 2.

Figure 2 X-ray image of a tray that contains ball bearings in a T-shaped pattern. [*6]

An HDR source was then taped to the face of a slab of solid water and placed in front of
the BB tray at an arbitrary angle as can be seen in Fig. 3. Photons from the HDR source
then passed through the tray and onto a flat panel detector where an image was formed 21
cm behind the tray (see Fig. 2 and 3).
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Figure 3 Experimental setup proposed by Song, Bowsher, Das, and Yin [*6].

From the image formed on the flat panel detector the authors proposed that the three
dimensional coordinates of the HDR source could be derived.
To derive the 3D coordinates of the source, the authors propose the geometry
found in Fig. 4, where point S represents the location of the source, points BB1 and BB2
represent the locations of the BB’s inside the tray and points F1 and F2 represent the
location of the images formed on the film. From these points, one can find 3D (3D) line
equations for lines F1-BB1-S and F2-BB2-S which then can be used to predict the three
dimensional coordinates of the source S.

7

Figure 4 3D Cartesian coordinate system with the location of the source, BB’s and images. [*6]

To understand how Song, Bowsher, Das and Yin derived 3D line equations for
lines F1-BB1-S and F2-BB2-S consider Fig. 5.

Figure 5 Line L and its direction vector v. (Larson, Hosteler, & Edwards, 1998)

In Fig. 5, line L is parallel to vector v. Vector v is known as the direction vector for line
L and points a, b and c are referred to as direction numbers. “One way of describing line
L is to say that it consists of all points Q(x,y,z) for which the vector PQ is parallel to v.
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This means that PQ is a scalar multiple of v, and you can write PQ = tv, where t is a
scalar.” [7]
Therefore PQ can be written as:
 =<  ݔ−  ݔᇱ ,  ݕ−  ݕᇱ ,  ݖ−  ݖᇱ > = < ܽݐ, ܾݐ, ܿݐ = > ݐ

(2)

The parametric equations of a line in space can then be constructed from equating
corresponding components in equation 1:
 ݔ = ݔᇱ + ܽݐ,  ݕ = ݕᇱ + ܾݐ,  ݖ = ݖᇱ + ܿݐ

(3)

As long as the direction numbers a, b, and c are all non-zero the following can be written:
 ݔ− ݔ′  ݕ− ݕ′  ݖ− ݖ′
=
=
ܽ
ܾ
ܿ

(4)

Applying equations 1 through 3 to Fig. 4 implies the following equations for line F1-BB1S:
ݔ௦
ݕ௦
ݖ௦ − ℎ
=
=
−ℎ
ݔଵ ݕଵ

(5)

and for line F2-BB2-S:
ݔ௦ − ݔଶ
ݕ௦
ݖ௦ − ℎ
=
=
−ℎ
ݔଶ − ݔଶ ݕଶ

(6)

From the geometry of Fig. 3 we can state that yf1=yf2. Thus by equating equations 5 and
6:
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ݔ௦ =

−ݔଵ ݔଶ
(ݔଶ − ݔଵ − ݔଶ )

ݕ௦ =

−ݕଵ ݔଶ
(ݔଶ − ݔଵ − ݔଶ )

ݖ௦ =

ℎݔଶ
+ℎ
(ݔଶ − ݔଵ − ݔଶ )

(7)

The equations found in equation 7 match the equations found by Song, Bowsher, Das and
Yin. However, these equations are limited by the geometrical assumptions made in Fig.
2.
Song, Bowsher, Das and Yin then use the experimental setup found in Fig. 3 to
test the equations found in equation 7. The following results occurred:

Figure 6 The results of applying equation 6 to the experiment found in Fig. 3. [*6]

As can be seen from Fig. 6, the authors calculated the 3D coordinates of eleven different
dwell points separated by 1 cm. The difference between the known distance between
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dwell points (1 cm) and the calculated distance between dwell points was calculated. The
mean difference of these values was found to be -0.07 cm with a standard deviation of
0.15 cm.
As mentioned in the Introduction, the work of Song, Bowsher, Das and Yin was a
step in the right direction, but it was not without its flaws. The equations found in (7) are
limited to the assumptions made in Fig. 4 and by the fact that the denominators must be
non-zero. For example, in Fig. 4, Song, Bowsher, Das and Yin set the coordinates of the
ball bearings at (0, 0, h) cm and (xb2, 0, h) cm. Notice how both coordinates have a y
value of zero and a z value of h. This choice of coordinates may be true in a limited set
of circumstances, but is not true for all circumstances and thus limits the equations
derived by Song, Bowsher, Das and Yin.
Therefore, the author’s of this paper derive and test 3D line equations that do not
have rely on the assumptions made by Song, Bowsher, Das and Yin and are not limited
by the condition of a non-zero denominator.
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Methods
The need for a general equation that is free from the assumptions made in Fig. 4 is
paramount for everyday clinical use. Fig. 7 shows the geometry of such a general case.

Figure 7 A general geometry in 3D Cartesian space.

12

Applying equations 1 and 2 from the introduction to Fig. 7 gives the following equation
for line F1-BB1-S :
ݔ௦ = ݔଵ + ܽݐ
ݕ௦ = ݕଵ + ܾݐ
ݖ௦ = ݖଵ + ܿݐ

(8)

Where:
ܽ = (ݔଵ − ݔଵ )
ܾ = (ݕଵ − ݕଵ )
ܿ = ൫ݖଵ − ݖଵ ൯ (9)
For line F2-BB2-S we obtain:
ݔ௦ = ݔଶ + ܽ′ݐ
ݕ௦ = ݕଶ + ܾ′ݐ
ݖ௦ = ݖଶ + ܿ′ݐ

(10)

Where:
ܽ′ = (ݔଶ − ݔଶ )
ܾ′ = (ݕଶ − ݕଶ )
ܿ′ = ൫ݖଶ − ݖଶ ൯ (11)
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It is important to state for mathematical purposes that equations 8 and10 were
derived by assuming a point source. Also, equations 8 and 10 are left in their current
state so that the problems of having a zero in the denominator do not arise.
The following setup was used to test the accuracy of equation 8 and 10:

1.5 cm

Figure 8 Experimental setup to test the accuracy of equations 7 and 9.

From the picture in Fig. 8, it is important to define the terms solid water and Cerrobend.
Solid water is a material used by Medical Physicists to mimic the properties of human
tissue. Cerrobend, on the other hand, is a metal mixture of bismuth, lead and tin, which is
utilized by Medical Physicists due to its low melting point and malleable composition.
In this experiment (see Fig. 8), an HDR source is taped to a slab of solid water
that is either 10 cm thick for Runs 1 and 2 or 7.5 cm thick for Runs 3 and 4.

The solid

water is then placed directly over the top of a Cerrobend slab that contains three clear
plastic “X” shapes. These plastic “X’s” are regularly spaced and go all the way through
the Cerrobend so that the “X’s” can be seen on both sides (see Fig. 9). The choice to use
plastic “X’s” instead of ball bearings had to do with the unrealistic amount of dwell time
14

required to image the ball bearings on film. Therefore, these authors noticed that when
clear plastic “X’s” were used instead of ball bearings the length of time (dwell time)
required to obtain a decent image was well within clinically used times of around twenty
seconds.

Figure 9 Slab of Cerrobend containing plastic "x" shapes. On left is an over views shot of
the Cerrobend slab. On right is a close up of the plastic "x" shapes.

The center “X” inside the Cerrobend is aligned with the center of the solid water
via the cross hairs of the Linac machine. An x-ray film is placed 21 cm below the solid
water/Cerrobend setup so that an image is formed. It is important here to note that the
“X” images are formed due to the fact that the plastic “X’s” are transparent to photon
radiation, whereas the Cerrobend is not. From these formed images, the author’s used
equations 7 and 9 to predict the source positions for three different setups (Runs 1-3).
We then compared the known source positions to the calculated positions.
The coordinates of the “X” images were measured through two different methods.
The first method involves a ruler and a printed “X” image sheet which were used to
measure the distances between the “X” images. This method will be referred to as the
paper method.
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It is important to note that correction factors were used in the paper method to
account for the stretching and pulling that occurs when something is printed. This
correction factor was easy to calculate since the computer system in which the image was
captured imprints a scale on the film. This scale could then be physically measured with
a ruler and the ratio between the lengths of the film scale and of the physical
measurement could be calculated.

This ratio was defined as the correction factor.

Correction factors of 1.031 cm and 1.022 cm were applied in the x and y direction
respectively to offset the stretching and pulling that occurs when a computer prints an
image. These correction factors where applied to Runs 1, 2 and 3.
The Logger Pro method utilized a computer software program that allows the user
to upload images for measuring. Once the picture is uploaded, a scale can be set for the x
and y directions so that measurements can then be made.
It is important to note that for calculation purposes we need only define the
points that occur on the Cerrobend (xb) and on the film (xf). The center “X” in the
Cerrobend was always set to (0,0,0). The other Cerrobend “X” locations were then
measured relative to this center “X”, and they remained the same for all runs. The zcoordinate of all three Cerrobend “X”s was set to zero. Regarding the film “X” locations,
these were measured through the same process in both the Logger Pro and paper
methods. First, the coordinates of the center “X” (defined in all three Runs as the center
film “X” fourth) on the film was defined geometrically by assuming a line from the
expected source location through the center Cerrobend ‘X’. Measurements were then
made from the center “X” to the “X’s” that immediately surround the center “X”. These
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surrounding “X’s” were then used as the new starting points for further measurements.
This process is repeated until all the “X” images are measured.

Run 1
Fig. 10 shows the general setup for Run
un 1 including the coordinates of xs (source
coordinates), xb (plastic “x” coordinates), and xf (“x” image coordinates).
coordinates) It is important
to note that there are a total of six dwell points spaced 1 cm apart from each other.
other

Figure 10 The top picture shows the general setup for run 1. The bottom picture
displays thecoordinate systems (x,y,z) of solid water, film, and Cerrobend.

For accounting purposes, it is convenient to describe the coordinates in Fig. 10 as
points on a particular line
line. For example, line A-a-16
16 is the path that a photon undergoes
while travelling from xs point A, through xb point a, and onto xf point 16. This same
method was used for Runs 2 and 3.
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The same method was repeated while using Logger Pro. As mentioned in the
beginning paragraphs of this section, Logger Pro is a software program that allows the
user to download images so that measurements can be made. The user must define a
scale in both the x axis and y axis. Defining a scale was straight forward since the Varian
Digital Image Reader prints a scale for both x and y axes. However, Logger Pro does not
allow both the x and y scale to be defined at the same time. Therefore, all measurements
in the x direction must be obtai
obtained
ned before any measurements in the y direction can be
made (see Fig.s 14 and 155). The same was true for Runs 2 and 3.

Run 2
In Run
un 2, the source begins at (3cm,3cm,10cm), moves at 1 cm intervals, and
ends at point (3cm, -2cm,
2cm, 10cm) as shown in Fig. 11.

Figure 11 The top picture sshows the general setup for run 2.. The bottom picture
displays the coordinate systems of solid water, film, and Cerrobend.
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Run 3
For Run
un 3, the source wire was taped at a 45 degree angle on top of a 7.5 cm slab
sl
of solid water (see Fig. 88) and was moved by 1 cm increments between points
point (-2.12 cm,
2.12 cm, 7.5 cm) to (1.41cm, -1.41cm, 7.5 cm). This can be seen in Fig. 12:

Figure 12 The top picture shows the general setup for run 2. The bottom picture
displays the coordinate systems of the solid water, film, and Cerrobend.

MATLAB code
MATLAB was used to calculate the several source coordinates found in this paper
(see the Appendix).. Due to the fact that experiments 1 through 3 require real world
measurements, there is no guarantee that the 3D line equations derived from equations 1,
2, 7, 8, 9 and 10 will intersect
intersect. Therefore, as a matter of practicality, the MATLAB
MA
code
must contain a method for determining the point at which the distance between the 3D
lines is minimized. By coding into MATLAB the distance equation between two points,
points
one can find the distance between every point on two 3D lines. By using MATLAB’s
MATL
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built in minimization capabilities, the minimum distance between the two 3D lines can be
obtained.

Then the source location was estimated to be halfway between the point of

closest approach of each line to the other.
The difference between a two-line method and three-line method is that the twoline method only uses two lines to calculate the source coordinates of (Xs, Ys, Zs),
whereas the three-line method uses three lines to calculate the source coordinates of (Xs,
Ys, Zs). Therefore, in the three-line method, MatLab found the closest point between
three lines instead of two. This was done by allowing MatLab to choose any point
existing between the three lines. MatLab then calculated the square of the distances
between the three lines and this point, summed them, and found the new point at which
the sum was minimized. This point was defined as the source coordinates. The purpose
behind using the different methods is to see if using three lines is more accurate in
calculating the source coordinates then using two lines.

Error Analysis
The first estimate of error will compare the estimated source location with the
actual source location. Note that for the 2-line method, each source location can be
estimated using any one of 3 pairs of lines, since there are 3 ‘x’ spots in the Cerrobend.
Thus 3 estimates of source location are determined for each true source location. The
mean and standard deviation (among the 3 estimates) of the errors in the x, y, and z
estimates of source are calculated. The mean and standard deviation of these error
estimates are then averaged among all the true source locations to arrive at an overall
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accuracy measure for x, y, and z locations for each run. For the 3-line method, only a
single estimate of source location is obtained for each true source location. An overall
measure of accuracy is obtained again by averaging the errors in x, y, and z location for
each run. This procedure, for both the 2-line and 3-line methods, is performed for both
the paper and Logger Pro measurements.
For each combination of analysis (paper and Logger Pro measurement, 2-line and
3-line calculation method), we also estimated the predicted distance between source
dwell locations and compared these values to the known distances between source dwell
locations.

Sensitivity Analysis
For these experiments, one can envision two types of errors. The first can be
called “measurement” errors and will arise due to imprecision in the ability to identify the
correct coordinates either on paper or Logger Pro. The second type of error could be
called “experimental” error and will arise due to placing the center ‘X’ of the Cerrobend
off the central axis, or placing the Cerrobend in an orientation that isn’t precisely
perpendicular to the central axis.
We explored measurement errors by systematically changing one of the
coordinates in our system (for example xf1) by increments of 0.1 cm while holding all
other coordinates constant. In this way, it was possible to ascertain the sensitivity of the
calculated source location to errors in each measurement value.
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To evaluate these measurement errors, it was necessary to find the “X” image
coordinates that properly predict the image source coordinates. This was accomplished
through the use of MatLab. For example, for Run 1, the geometric center was defined as
the point (0,0,-21) cm. With the assumption that the coordinates of the Cerrobend “X’s”
are at the points (-1.43, -0.15, 0) cm, (0,0,0) cm, and (1.30, -0.15, 0) cm, it is possible
(through Matlab) to calculate the image “X” coordinates

that predict the source

coordinates of (0,0,10) cm. In this way, any deviation from these calculated “X” image
coordinates can be seen as true deviations from an ideal standard.
We explored experimental errors by exploring the response of the system to
whole shifts in film and Cerrobend coordinates. For example, how does the error
propagate if an experimenter believes that the Cerrobend points a, b, and c are at
coordinates

(-1, 0, 0)cm, (0,0,0)cm and (1,0,0)cm respectively, but in reality the

Cerrobend coordinates are shifted to the right by one full centimeter so that the new
coordinates of a, b and c are at (0,0,-0)cm, (1,0,-0)cm and (2,0,-0)cm respectively? This
same question applies to whole shifts in either the Cerrobend or film coordinates in the x,
y, or z directions.

22

Results
Image Measurement
Run 1
The following table lists several line numbers with their corresponding “X” image
coordinates for both the paper and Logger Pro methods:

Table 1 The image “X’s” coordinates for both the paper and Logger Pro Methods. The line numbers
correspond with a particular “X” image.
Line #
“X” image Coordinates (paper method in cm)
“X” image Coordinates (Logger Pro
method in cm)
F-a-1
(-4.12, 3.90, -21)
(-4.13, 3.63, -21)
F-b-2
(0, 4.09, -21)
(0.09, 3.96, -21)
F-c-3
(4.23, 3.79, -21)
(4.25, 3.69, -21)
E-a-4
(-4.15, 1.75, -21)
(-4.13, 1.70, -21)
E-b-5
(0, 1.94, -21)
(0.00, 1.93, -21)
E-c-6
(4.24, 1.64, -21)
(4.19, 1.61, -21)
D-a-7
(-4.11, -0.30, -21)
(-4.13, -0.28, -21)
D-b-8
(0, 0, -21)
(0, 0, -21)
D-c-9
(4.24, -0.31, -21)
(4.19, -0.28, -21)
C-a-10
(-4.11, -2.12, -21)
(-3.94, -2.26, -21)
C-b-11
(0, -1.92, -21)
(0.19, -1.93, -21)
C-c-12
(4.24, -2.25, -21)
(4.35, -2.26, -21
B-a-13
?
(3.91, -4.05, -21)
B-b-14
(0, -4.02, -21)
(0.19, -3.77, -21)
B-c-15
(4.24, -4.19, -21)
(4.35, -4.15, -21)
A-a-16
?
(-3.91, -5.98, -21)
A-b-17
?
(0.19, -5.66, -21)
A-c-18
?
(4.38, -6..13, -21)

Due to the fact that some “X” images are too faint to read on printer paper, it is difficult
to find their exact center. Therefore, some lines in Table 1 are denoted with question
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marks. Also, question marks were placed under the Logger Pro column if the “X” image
was too faint to read on a computer screen.
Fig. 13 displays the image formed during Run 1:

Figure 13 The images formed during Run 1.

The measurements obtained from the printed version of Fig. 13 are displayed in Fig. 14:
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Figure 14 Measurements made for Run 1.

The center “x” fourth from the bottom of Fig. 14 was defined as the point (0, 0, 21). This coordinate acted as a reference point for all other measurements in Fig. 14.
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Center points for each of the “X’s” in Fig. 14 were then defined and measurements were
taken using a standard ruler.
The same method was repeated on a computer using Logger Pro. As mentioned
in the beginning paragraphs of this section, Logger Pro is a software program that allows
the user to download images so that measurements can be made. The user must define a
scale in both the x axis and y axis. Defining a scale was straight forward since the Varian
Digital Image Reader prints a scale for both x and y axes. However, Logger Pro does not
allow both the x and y scale to be defined at the same time. Therefore, all measurements
in the x direction must be obtained before any measurements in the y direction can be
made (see Figs. 15 and 16).
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Figure 15 Measurements obtained from Logger Pro in x direction.
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Figure 16 Measurements made with Logger Pro in the y direction.

As previously stated, the center “X” fourth from the bottom of figure 12 was defined as
the point (0, 0, -21). All other center points were then measured with this initial center
point used as a reference.

Run 2
Table 3 relates xb points and xf points with their corresponding lines:
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Table 2 The image “X” coordinates for both the paper and Logger Pro Methods. The line numbers correspond
with a particular “X” image.

Line

“X” image Coordinates (paper method in cm)

“X” image Coordinates (Loger Pro
method in cm)

F-a-1

(-10.37, 4.06, -21)

(-10.36, 3.99, -21)

F-b-2

(-6.56, 3.89, -21)

(-6.37, 3.88, -21)

F-c-3

(-2.29, 4.43, -21)

(-2.29, 4.67, -21)

E-a-4

(-10.37, 2.03, -21)

(-10.30, 1.85, -21)

E-b-5

(-6.46, 1.91, -21)

(-6.37, 1.99, -21)

E-c-6

(-2.25, 2.45, -21)

(-2.24, 2.53, -21)

D-a-7

(-10.43, 0.10, -21)

(-10.29, 0.10, -21)

D-b-8

(-6.30, 0, -21)

(-6.30, 0, -21)

D-c-9

(-2.17, 0.42, -21)

(-2.17, 0.44, -21)

C-a-10

(-10.44, -1.55, -21)

(-10.35, -1.75, -21)

C-b-11

(-6.30, -1.90, -21)

(-6.33, -1.94, -21)

C-c-12

(-2.13, -1.51, -21)

(-2.17, -1.55, -21)

B-a-13

(-10.35, -3.48, -21)

(-10.23, -3.30, -21)

B-b-14

(-6.30, -3.79, -21)

(-6.33, -3.88, -21)

B-c-15

(-2.09, -3.46, -21)

(-2.14, -3.49, -21)

A-a-16

?

?

A-b-17

?

?

A-c-18

?

?

Fig. 17 displays the images formed in Run 1, while Fig. 18 shows the
measurements made :
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Figure 17 Image made from Run 2.
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Figure 18 Measurements made from Run 2.

In Fig. 18, the center “x” fourth from the bottom was defined as point (-6.3, 0)
from the geometry of the problem. All other points used this point as a reference.
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As in Run 1, these measurements were made electronically with Logger Pro.
Table 2 lists the coordinates of the plastic “X’s” and image “X’s” along with their
corresponding lines.
As in the measurement on paper, the center “x” fourth from the bottom was
defined as point (-6.3, 0) and all other points were measured from this “x” as a reference
point. Fig. 19 and 20 show the measurements made electronically with Logger Pro in the
x direction and y direction respectively:

Figure 19 Measurements made for Run 2 in the x-direction using Logger Pro.

33

Figure 20 Measurements made for Run 2 in the y-direction using Logger Pro.

Run 3
Table 3 compares the plastic “X’s” (xb) and image “X’s” (xf) with their
corresponding lines:
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Table 3 The image “X” coordinates for both the paper and Logger Pro Methods. The line numbers correspond
with a particular “X” image coordinate.

Line

“X” image Coordinates (paper method in cm)

“X” image Coordinates (Loger Pro
method in cm)

F-a-1

(-8.61, 3.30, -21)

(-8.57, 3.65, -21)

F-b-2

(-3.88, 3.26, -21)

(-3.80, 3.51, -21)

F-c-3

(1.17, 4.11, -21)

(1.29, 4.14, -21)

E-a-4

(-6.76, 1.71, -21)

(-6.66, 1.92, -21)

E-b-5

(-1.96, 1.63, -21)

(-1.80, 1.68, -21)

E-c-6

(3.11, 2.21,-21)

(3.26, 2.36,-21)

D-a-7

(-4.91,0.10,-21)

(-4.83,0.24,-21)

D-b-8

(0,0,-21)

(0,0,-21)

D-c-9

(5.04, 0.63, -21)

(5.09, 0.53, -21)

C-a-10

(-3.06, -1.67, -21)

(-2.99, -1.54, -21)

C-b-11

(1.90, -1.88, -21)

(1.98, -1.83, -21)

C-c-12

(6.98, -1.20, -21)

(7.04, -1.35, -21)

B-a-13

(-1.28, -3.44, -21)

(-1.16, -3.27, -21)

B-b-14

(3.80, -3.56, -21)

(3.72, -3.56, -21)

B-c-15

(8.56,-3.20, -21)

(8.66,-2.99, -21)

A-a-16

(0.97, -5.35, -21)

(0.67, -5.25, -21)

A-b-17

(6.01, -5.23, -21)

(5.58, -5.39, -21)

A-c-18

?

?

The center “X” fourth from the bottom was defined as the point (0,0) from the geometry
of the system and all other center “X” points were measured with this as a reference.
Fig. 21 and 22 show the image obtained and the measurement made during Run 3
respectively:
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Figure 21 Image obtained during Run 3.
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Figure 22 Measurements made on paper for Run 3.
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As in other Runs, these measurements were repeated electronically using Logger Pro.
Fig. 23 and 24 show the electronic measurements made in the x and y directions
respectively:

Figure 23 Measurements in the x-direction taken on Logger Pro for Run 3.
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Figure 24 Measurements in the y-direction taken on Logger Pro for Run 3.

Source Location Prediction
For each of the experiments (Runs 1-3), the difference between the known source
coordinates and the calculated source coordinates was calculated. Also, the difference
between the known dwell points (1 cm for all Runs) and the calculated dwell points was
calculated so that a comparison could be made between our work and the work of Song,
Bowsher, Das, and Yin. Charts were made to compare the paper and Logger Pro two-line
methods. Charts were also made to compare the paper three-line paper and Logger Pro
methods. In addition, charts were constructed to compare the two line paper and LoggerPro methods with the three-line paper and Logger pro methods.

39

Run 1
Tables 4 and 5 compare the actual source location, the calculated source location
and the difference between them for both paper and Logger pro methods:
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Table 4 Two-Line Paper: Displays the actual source location, the calculated source location and the difference
between them.

Line #'s
F-a-1, F-b2
F-b-2, F-c3
F-a-1, F-c3
E-a-4, E-b5
E-b-5, E-c6
E-a-4, E-c6
D-a-7, Db-8
D-b-8, Dc-9
D-a-7, Dc-9
C-a-10, Cb-11
C-b-11, Cc-12
C-a-10, Cc-12
B-a-13, Bb-14
B-b-14, Bc-15
B-a-13, Bc-15
A-a-16, Ab-17
A-b-17, Ac-18
A-a-16, Ac-18

Actual Source
Location in Cm
(Xs,Ys,Zs)

Calculated Source Location in Cm
(Xs,Ys,Zs)

Difference in Cm
to 2 decimals
(Xs,Ys,Zs)

(0,-2,10)

(0.0009 ,-2.2436, 11.1894)

(0.00, 0.24, 1.19)

(0,-2,10)

(-0.0020 ,-1.8634, 9.3539)

(0.00, 0.14 ,0.65)

(0,-2,10)

(-0.1239 ,-2.0900, 10.1977)

(0.12, 0.09, 0.20)

(0,-1,10)

(0.0009 ,-1.0863, 11.0606)

(0.00, 0.09, 1.06)

(0,-1,10)

(-0.0021 ,-0.9027, 9.3199)

(0.00, 0.10, 0.68)

(0,-1,10)

(-0.1183 ,-1.0396, 10.1257)

(0.12, 0.04, 0.13)

(0,0,10)

(0.0019 ,-0.0349, 11.2357)

(0.00, 0.03, 1.24)

(0,0,10)

(-0.0022 ,-0.0417, 9.3166)

(0.00, 0.04, 0.68)

(0,0,10)

(-0.1281 ,-0.0771, 10.2010)

(0.13, 0.08, 0.20)

(0,1,10)

(0.0012 ,0.9640, 11.2180)

(0.00, 0.04, 1.22)

(0,1,10)

(-0.0021 ,0.8164, 9.3131)

(0.00, 0.18, 0.69)

(0,1,10)

(-0.1277 ,0.8379, 10.1947)

(0.13, 0.16, 0.19)

(0, 2, 10)

?

?

(0, 2, 10)

(-0.0005 ,1.7057, 9.2791)

(0.00, 0.29, 0.72)

(0, 2, 10)

?

?

(0, 3, 10)

?

?

(0, 3, 10)

?

?

(0, 3, 10)

?

?

Total Diff.
Mean/Tot
al Diff.
S.D.

Mean Diff in (Xs,Ys,Zs)
Calc. and S.D. of Diff
in (Xs,Xs,Zs) Calc. (All
in Cm)

Mean: (0.04, 0.16, 0.68)
S.D.: (0.07, 0.08, 0.50)

Mean:(0.04, 0.08, 0.62)
S.D.: (0.07, 0.03, 0.47)

Mean:(0.04, 0.05, 0.71)
S.D.:(0.08, 0.03, 0.52)

Mean: (0.04, 0.13, 0.70)
S.D.: (0.08, 0.08, 0.52)

?

?

Mean: (0.04, 0.12, 0.68)
S.D.: (0.06, 0.08, 0.41)

The last row in Table 4 is the total mean difference and standard deviation of the
column named “Difference in Cm to 2 decimals” and not for the column named “Mean
Diff in (Xs,Ys,Zs) Calc. and S.D. of Diff in (Xs,Xs,Zs) Calc”. This will be the case for all
similar tables that follow.
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Table 5 Two-Line Logger Pro: Displays the actual source location, the calculated source location and the difference
between them.

Line #'s

F-a-1, F-b2
F-b-2, F-c3
F-a-1, F-c-3
E-a-4, E-b5
E-b-5, E-c6
E-a-4, E-c6
D-a-7, D-b8
D-b-8, D-c9
D-a-7, D-c9
C-a-10, Cb-11
C-b-11, Cc-12
C-a-10, Cc-12
B-a-13, Bb-14
B-b-14, Bc-15
B-a-13, Bc-15
A-a-16, Ab-17
A-b-17, Ac-18
A-a-16, Ac-18

Actual Source
Location (Cm)

Calculated Source Location (Cm)

Difference (Cm)
(2 decimals)

(0,-2,10)

(-0.0445, -2.0644, 10.7950)

(0.0445, 0.0644, 0.7950)

(0,-2,10)

(-0.0431, -1.8549, 9.5841)

(0.0431, 0.1451,0.4159)

(0,-2,10)

(-0.1251, -1.9908, 10.1464)

(0.1251, 0.0092, 0.1464)

(0,-1,10)

(0.0016, -1.0787, 11.1523)

(0.0016, 0.0787,1.1523)

(0,-1,10)

(-0.0021, -0.9079, 9.4805)

(0.0021, 0.0921, 0.5195)

(0,-1,10)

(-0.1116, -1.0313, 10.2538)

(0.1116, 0.0313, 0.2538)

(0,0,10)

(0.0020, -0.0405, 11.1531)

(0.0020, 0.0405, 1.1531)

(0,0,10)

(-0.0020, -0.0457, 9.4754)

(0.0020, 0.0457, 0.5246)

(0,0,10)

(-0.1114, -0.0865, 10.2559)

(0.1114, 0.0865, 0.2559)

(0,1,10)

(-0.0991, 0.9973, 11.1478)

(0.0991, 0.0027, 1.1478)

(0,1,10)

(-0.0888, 0.8459, 9.5738)

(0.0888, 0.1541, 0.4262)

(0,1,10)

(-0.1976,0.8861,10.3120)

(0.1976, 0.1139,0.1320)

(0, 2, 10)

(-0.0983, 1.9528, 10.8918)

(0.0983,0.0472, 0.8918)

(0, 2, 10)

(-0.0884, 1.6951, 9.5680)

(0.0884, 0.3049, 0.4320)

(0, 2, 10)

(-0.2051, 1.8001, 10.3639)

(0.2051, 0.1999, 0.3639)

(0, 3, 10)

(-0.0990, 2.9409, 10.8825)

(0.0990, 0.0591, 0.8825)

(0, 3, 10)

(-0.0896, 2.8643, 10.4708)

(0.0896, 0.1357, 0.4708)

(0, 3, 10)

(-0.1185,2.9351,10.7034)

(0.1185, 0.0649, 0.7034)

Total
Mean
Diff./ Total
S.D. of
Diff.

Mean Diff in
(xs,ys,zs) Calc.
and S.D. of Diff
in (xs,ys,zs) Calc.
(All in Cm)
Mean: (0.07, 0.07,
0.45)
S.D.: (0.05, 0.07,
0.33)

Mean: (0.04, 0.07,
0.64)
S.D. :(0.06, 0.03,
0.46)

Mean:(0.04, 0.06,
0.64)
S.D.:(0.06, 0.03,
0.46)

Mean: (0.13, 0.09,
0.57)
S.D.: (0.06 ,0.08,
0.52)

Mean: (0.13, 0.18,
0.56)
S.D.: (0.07, 0.13,
0.29)

Mean: (0.10, 0.09,
0.69)
S.D.: (0.02, 0.04,
0.21)

Mean: (0.09,
0.09,0.59)
S.D.:
(0.06,0.07,0.34)

Tables 6 and 7 compares the distance between the actual dwell positions and the
calculated dwell positions for the two-line paper and Lab Pro methods:

42

Table 6 Two-Line Paper: Compares the distance between the actual dwell positions and the calculated dwell
positions.
Lines used to calculate source
Actual distance between dwell positions

Calculated distance between dwell

(cm)

positions (cm)

(F-a-1, F-b-2) and (E-a-4, E-b-5)

1

1.16

(F-b-2, F-c-3) and (E-b-5, E-c-6)

1

0.96

(F-a-1, F-c-3) and (E-a-4, E-c-6)

1

1.05

(E-a-4, E-b-5) and (D-a-7, D-b-8)

1

1.05

(E-b-5, E-c-6) and (D-b-8, D-c-9)

1

0.86

(E-a-4, E-c-6) and (D-a-7, D-c-9)

1

0.96

(D-a-7, D-b-8) and (C-a-10, C-b-11)

1

1.00

1

0.86

1

0.92

1

?

1

0.89

1

?

1

?

1

?

1

?

points that are used in distance
formula

(D-b-8, D-c-9) and (C-b-11, C-c12)
(D-a-7, D-c-9) and (C-a-10, C-c-12)
(C-a-10, C-b-11) and (B-a-13, B-b14)
(C-b-11, C-c-12) and (B-b-14, B-c15)
(C-a-10, C-c-12) and (B-a-13, B-c15)
(B-a-13, B-b-14) and (A-a-16, A-b17)
(B-b-14, B-c-15) and (A-b-17, A-c18)
(B-a-13, B-c-15) and (A-a-16, A-c18)
Mean / Standard Deviation

0.97/0.10
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Table 7 Compares the distance between the actual dwell positions and the calculated dwell positions. (Twoline Logger Pro method)
Lines used to calculate source
Actual distance between dwell

Calculated distance between dwell

positions (cm)

positions (cm)

(F-a-1, F-b-2) and (E-a-4, E-b-5)

1

0.95

(F-b-2, F-c-3) and (E-b-5, E-c-6)

1

0.96

(F-a-1, F-c-3) and (E-a-4, E-c-6)

1

1.04

(E-a-4, E-b-5) and (D-a-7, D-b-8)

1

0.86

(E-b-5, E-c-6) and (D-b-8, D-c-9)

1

0.94

(E-a-4, E-c-6) and (D-a-7, D-c-9)

1

1.04

1

0.90

1

1.02

1

0.96

1

0.85

1

1.07

1

0.99

1

1.17

1

1.18

1

?

points that are used in distance
formula

(D-a-7, D-b-8) and (C-a-10, C-b11)
(D-b-8, D-c-9) and (C-b-11, C-c12)
(D-a-7, D-c-9) and (C-a-10, C-c-12)
(C-a-10, C-b-11) and (B-a-13, B-b14)
(C-b-11, C-c-12) and (B-b-14, B-c15)
(C-a-10, C-c-12) and (B-a-13, B-c15)
(B-a-13, B-b-14) and (A-a-16, A-b17)
(B-b-14, B-c-15) and (A-b-17, A-c18)
(B-a-13, B-c-15) and (A-a-16, A-c18)
Mean / Standard Deviation

1.00/0.10

In Table 6, the mean distance between dwell points was found to be 0.97 cm with
a standard deviation of 0.10 cm for the paper method. In Table 7, the mean distance
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between dwell points was found to be 1.00 cm with a standard deviation of 0.10 cm. In
comparison, the work of Song, Bowsher, Das and Yin determined that the distance
between dwell points was 0.93 cm with a standard deviation of 0.15 cm (see Fig. 6).
Table 8 displays the same data as Table 4 for the three-line paper method:
Table 8 Three-Line Paper:Displays the actual source location, the calculated source location and the difference
between them.

Line #'s

Actual Source
Location (Cm)

Calculated Source
Location (Cm)

Difference (Cm)

F-a-1, F-b-2, F-c-3

(0,-2,10)

(-0.0821 ,-2.0556, 10.1990)

(0.0821 ,0.0556, 0.1990)

E-a-4, E-b-5, E-c-6

(0,-1,10)

(-0.3625 ,-1.2627, 13.010)

(0.3625 ,0.2627, 3.0103)

D-a-7,D-b-8, D-c-9

(0, 0,10)

(-0.0849 ,-0.0515, 10.1970)

(0.0849 ,0.0515, 0.1970)

C-a-10, C-b-11,C-c-12

(0,1,10)

(-0.0846, 0.8687, 10.1883)

(0.0846 ,0.1313, 0.1883)

B-a-13, B-b-14, B-c-15

(0,2,10)

?

?

A-a-16, A-b-17, A-c-18

(0,3,10)

?

?

(2 decimals)

Mean: (0.15, 0.13,0.90)
S.D.: (0.14, 0.10, 1.41)

Mean Diff./S.D. of Diff.

Table 8 displays the same data as Table 5 for the three-line paper method:
Table 9 Displays the actual source location, the calculated source location and the difference between them.
(Three-Line Logger Pro method)

Line #'s

Actual Source
Location (Cm)

Calculated Source
Location (Cm)

Difference (Cm)

F-a-1, F-b-2, F-c-3

(0,-2,10)

(-0.0976,-1.9672, 10.1582)

(0.10 ,0.03,0.16)

E-a-4, E-b-5, E-c-6

(0,-1,10)

(-0.0740,- 1.0019, 10.2563)

(0.07, 0.00, 0.26)

D-a-7,D-b-8, D-c-9

(0, 0,10)

(-0.0738, -0.0577, 10.2566)

(0.07 ,0.06, 0.26)

C-a-10, C-b-11,C-c-12

(0,1,10)

(-0.1624, 0.9067, 10.3125)

(0.16 ,0.09, 0.31)

B-a-13, B-b-14, B-c-15

(0,2,10)

(-0.1514, 1.8139, 10.1958)

(0.15, 0.19, 0.20)

A-a-16, A-b-17, A-c-18

(0,3,10)

(-0.1111, 2.9164, 10.6946)

(0.11, 0.08, 0.70)

(2 decimals)

Mean: (0.11, 0.08, 0.29)
S.D.: (0.04, 0.07, 0.20)

Mean Diff./S.D. of Diff.
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Tables 10 and 11 compares the distance between the actual dwell positions and
the calculated dwell positions for the three-line paper and Logger Pro methods:
Table 10 Three-Line Paper:Compares the distance between the actual dwell positions and the calculated dwell
positions.
Lines used to calculate source points
Actual distance between
Calculated distance between dwell
that are used in distance formula
dwell positions (cm)
positions (cm)
(F-a-1, F-b-2, F-c-3) and (E-a-4, E-b-5, E-c-6)

1

0.84

(E-a-4, E-b-5, E-c-6)and (D-a-7, D-b-8, D-c-9)

1

1.24

1

0.92

1

?

1

?

(D-a-7, D-b-8, D-c-9)and (C-a-10, C-b-11, C-c12)
(C-a-10, C-b-11, C-c-12) and (B-a-13, B-b-14,
B-c-15)
(B-a-13, B-b-14, B-c-15) and (A-a-16, A-b-17,
A-c-18)
Mean/ Standard Deviation

1.00 /0.21

Table 11 Three-line Logger Pro:Compares the distance between the actual dwell positions and the calculated
dwell positions.
Lines used to calculate source points
Actual distance between
Calculated distance between dwell
that are used in distance formula
dwell positions (cm)
positions (cm)
(F-a-1, F-b-2, F-c-3) and (E-a-4, E-b-5, E-c-6)

1

0.97

(E-a-4, E-b-5, E-c-6)and (D-a-7, D-b-8, D-c-9)

1

0.94

1

0.97

1

0.91

1

1.10

(D-a-7, D-b-8, D-c-9)and (C-a-10, C-b-11, C-c12)
(C-a-10, C-b-11, C-c-12) and (B-a-13, B-b-14,
B-c-15)
(B-a-13, B-b-14, B-c-15) and (A-a-16, A-b-17,
A-c-18)
Mean/ Standard Deviation

0.98 /0.07

Fig. 25, 26, and 27 compares the accuracy of the two-line and three-line
paper/Logger Pro methods in calculating Xs, Ys and Zs:
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Figure 25 Comparison of two
two-line and three-line methods for Xs paper and Xs Logger Pro ( Run 1).

Figure 26 Comparison of two
two-line and three-line methods for Ys paper and Ys Logger Pro (Run 1).
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Figure 27 Comparison of two
two-line and three-line
line methods for Zs paper and Zs electronic for Run 1.
1

Fig. 26 and 27 prove that in general the three-line method is superior
uperior to the two
t
line method in calculating ys and zs.

However, in Fig. 25 the two-line
two
method is

generally superior.. This may be due to the fact that every third line pair in Fig. 25
contains a larger amount of error. This fact could account for the overall higher error in
the three-line method since
ince xs can be modestly sensitive to errors in measurement (see
(
Fig. 44 in the appendix) versus in the two
two-line method (see Fig. 43 in the appendix).
appendix
Fig. 27 show that there is consistency betw
between
een the calculated difference zs values
depending on what lines were used for the calculation. For example al
alll the lines that use
the Cerrobend
nd plastic “X’s” a and b follow aan approximate linear relationship as can be
seen in Fig. 26. The same is true for all calculations that use Cerrobend plastic “X’s” b
and c, as well as calculations that use Cerrobend plastic “X’s” a and c.
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One more interesting point about Fig. 27 is that every third line pair has less error
then the two preceding it. For example, line pair F-a-1, F-c-3 has less error then line
pairs F-a-1, F-b-2 and F-b-2, F-c-3.
It should be pointed out that Fig. 25, 26 and 27 contain an outlier data point at Ea-4, E-b-5, E-c-6 for the three-line paper method. This is may have been due to a
measurement error when using the paper method, since the Logger Pro method of
measurement did not reveal this issue.

However, it is important to note that the

coordinates of the image “X’s” for the lines E-a-4, E-b-5, and E-c-6 were measured
several times from the paper and produced consistent results, so it is unclear what led to
the outlier.
The last interesting point to be made about Fig. 25, 26 and 27 is that the
difference between the actual source coordinates and the calculated source coordinates is
not minimized when using the lines D-a-7, D-b-8 and D-c-9 as may be expected
(ignoring the outlier on all three graphs). This may have to do with the compensating
effects of using three-lines. Even though the coordinates of image “X” on the line D-b-8
was geometrically determined, the errors in the coordinates of the image “X’s” for lines
D-a-7 and D-c-9 determine the overall error in source coordinates. This may be the only
slight disadvantage in the use of three-lines versus two-lines since there is more room for
error in measurement when using three-lines instead of two.
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Run 2
Measurements made for Run 2 that correspond to Tables 4 through 11 in Run 1
can be found in the Appendix.
ppendix. Fig. 28, 29, and 30 compares the accuracy of the two-line
and three-line paper/Logger
ger Pro methods in calculating xs, ys and zs:

two-line and three-line methods for Xs paper and Xss electronic for Run 2.
Figure 28 Comparison of two
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Figure 29 Comparison of two
two-line and three-line methods for Ys paper and Yss electronic for Run 2.

Figure 30 Comparison of two
two-line and three-line methods for Zs paper and Zss electronic for Run 2.
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Unlike in Run 1, it is difficult to find patterns in Fig. 28, 29 and 30. All the data in
Fig. 28 is fairly random and may represent the fact that xs can be fairly sensitive to errors
in measurement (see Fig. 49 in the appendix). Fig. 29 is comparable to Fig. 26 because
they both have U-shaped pattern to their data. This U-shaped pattern may emerge due to
the methods used to measure the coordinates of the image “X’s” as discussed in the
Methods section since the error should be reduced as the graph approaches the center
“X”. However, Fig. 29’s overall U-shape pattern is not as clear as Fig. 26’s.
Fig. 28 and 30 make it clear that the three-line method reduces error in most
calculations. However, Fig. 29 only slightly reduces error for a majority of the points as
discussed previously.
For a summary of the source location errors for Run 2 see Table 11 in the
“Summary of Source Location Errors” section located in the Results section.
For a summary of the dwell position differences for Run 3 see Table 12 in the
“Summary of Dwell Position Differences” section located in the Results section. For a
more detailed analysis of the dwell position differences for Run 2 see the Appendix.

Run 3
Measurements made for Run 3 that correspond to Tables 4 through 11 in Run 1
can be found in the appendix. Fig. 31, 32, and 33 compares the accuracy of the two-line
and three-line paper/Logger Pro methods in calculating Xs, Ys and Zs:
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Figure 31 Comparison of two
two-line and three-line methods for Xs paper and Xss electronic for Run 3.

Figure 32 Comparison of two
two-line and three-line methods for Xs paper and Xss electronic for Run 3.
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Figure 33 Comparison of two
two-line and three-line methods for Zs paper and Zss electronic for Run 3.

Fig. 31 through 33 makes it clear that the three-line
line method reduces error in most
calculations.
Fig. 31 is random iin nature and resembles Fig. 28 more than Fig. 25. This may
have to do with the fact that Xs is fairly sensitive to errors, as seen in Fig. 68 in the
appendix.
Fig. 32 shows that the error increases from left to right. However, the reasons for
this are unclear and may be a topic for further research.
On the other hand, Fig. 33 shows a reduction in error from left to right. This is an
interesting fact when considerin
considering both Fig. 32 and 33 together.
gether. Perhaps the errors in ys
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and zs are connected with each other. However, this phenomenon was not observed in
Runs 1 and 2.
For a summary of the source location errors for Run 3 see Table 12 in the
“Summary of Source Location Errors” section located in the Results section.
For a summary of the dwell position differences for Run 3 see Table 13 in the
“Summary of Dwell Position Differences” section located in the Results section.

Summary of Source Location Errors
Table 12 compares the mean and standard deviations of the accuracy of source
predictions for Paper and Logger Pro two-line and three-line methods for Runs 1, 2 and
3:
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Table 12 Compares the Mean and Standard deviations of the accuracy of source predictions
for Paper and Logger Pro two-line and three line methods.
Run

Method

Mean Difference (X,Y,Z)
(cm)

Standard
Deviation (cm)

1

Two-line Paper Method

(0.04, 0.12, 0.68)

(0.06 ,0.08,
0.41)

Two-line Logger Pro Method

(0.09, 0.09, 0.59)

(0.06, 0.07,
0.34)

Three-line Paper Method

(0.15, 0.13, 0.90)

(0.14, 0.10,
1.41)

Three-line Logger Pro Method

(0.11, 0.08, 0.29)

(0.04, 0.07,
0.20)

Two-line Paper Method

(0.24, 0.32, 0.95)

(0.24, 0.15,
0.64)

Two-line Logger Pro Method

(0.24, 0.29, 1.03)

(0.20, 0.14,
0.51)

Three-line Paper Method

(0.06, 0.28, 0.17)

(0.03, 0.11,
0.14)

Three-line Logger Pro Method

(0.03, 0.26, 0.29)

(0.01, 0.09,
0.09)

Two-line Paper Method

(0.10, 0.21, 0.70)

(0.07, 0.11,
0.39)

Three-line Logger Pro Method

(0.08, 0.22, 0.41)

(0.06, 0.13,
0.28)

Two-line Logger Pro Method

(0.07, 0.25, 0.33)

(0.04, 0.20,
0.08)

Three-line Paper Method

(0.07, 0.25, 0.33)

(0.03, 0.07,
0.22)

2

3

Summary of Dwell Position Differences
Table 13 compares the mean differences and standard deviations of the distances
between dwell points for Paper and Logger Pro two-line and three-line methods:
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Table 13 Compares the mean differences and standard deviations of the distances
between dwell points for Paper and Logger Pro two-line and three- line methods.
Stand
Deviation
(cm)

Run

Method

Mean Dwell Point Distance
(cm)

1

Two-line Paper Method

0.97

0.10

Two-line Logger Pro Method

1.00

0.10

Three-line Paper Method

1.00

0.21

Three-line Logger Pro Method

0.98

0.07

Two-line Paper Method

0.95

0.15

Two-line Logger Pro Method

0.94

0.11

Three-line Paper Method

0.94

0.05

Three-line Logger Pro Method

0.95

0.03

Two-line Paper Method

0.98

0.11

Two-line Logger Pro Method

0.97

0.11

Three-line Paper Method

0.96

0.32

Three-line Logger Pro Method

0.96

0.04

2

3

Sensitivity Analysis
Measurement Errors
The “X” image points of (-4.4330, -0.4650, -21) cm and (4.0300, -0.4650, -21)
cm were used to accurately predict the source coordinates of (0,0,10) cm. Fig. 34
explores the error propagation when using only two lines to predict the source location.
The two lines used in Fig. 34 to predict the source points shown were D-a-7 and D-b-8.
It is important to emphasize that all the coordinates that describe the line D-b-8 are the
same as shown in Table 1 and do not change throughout the calculations displayed in
Fig. 34. However, the coordinates for D-a-7 have been changed from (-1.43, -0.15, 0)
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cm, (-4.11, -0.30, -21) cm to (-1.43, -0.15, 0) cm, (-4.4330, -0.4650, -21) cm. As a
reminder, the points (-1.43, -0.15, 0) cm and (-4.11, -0.30, -21) cm in line D-a-7
correspond to the generic coordinates of (Xb, Yb, Zb) and (Xf, Yf, Zf). The same is true
for line D-b-8. The change in coordinates for line D-a-7 assures that the amount of error
in Fig. 34 starts at zero as previously discussed. Matlab was then programmed to change
the point Xf in line D-a-7 by increments of 0.1cm while holding all other coordinates
constant. To create all other even number Fig. in this section, this process was repeated
for points Yf, Zf, Xb, Yb and Zb, which are all points contained within line D-a-7.
On the other hand, Fig. 35 uses three lines to calculate the values of the source
points shown. The three lines used for Fig. 35 were D-a-7, D-b-8 and D-c-9. As in Fig.
34, the coordinates along the line D-b-8 remain constant and are the same as in Table 1.
However, the (Xf, Yf, Zf) coordinates of lines D-a-7 and D-c-9 have changed to (-4.4330,
-0.4650, -21) cm and (4.0300, -0.4650, -21) cm respectively. This change in coordinates
assures that Fig. 35 starts with zero error. The point Xf in line D-a-7 (also known as XfDa-7)

was then changed by 0.1 cm increments while holding all other coordinates constant.

To create all the other odd number Fig. in this section and in the apendix, this process
was repeated for points YfD-a-7, Zf D-a-7, Xb D-a-7, Yb D-a-7 and Zb D-a-7, which are all points
contained within line D-a-7.
It is important to note that the processes described in the above two paragraphs
also apply to Runs 2 and 3.

Therefore, a thorough discussion of how the error

propagation graphs were made will not be given in Runs 2 and 3.
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Fig. 34 compares the two-line error propagation of Xs, Ys and Zs with respect to
changes in XfD-a-7. It is clear from Fig. 34 that Zs is very sensitive to changes in XfD-a-7,
while Xs and Ys are not. Therefore, the error in Zs is equal to the total error due to
equation 11:
ܶ = ݎݎݎܧ ݈ܽݐඥܺ௦ଶ + ܻ௦ଶ + ܼ௦ଶ

(12)

Fig. 35 compares the three-line error propagation of Xs, Ys and Zs with respect to
changes in XfD-a-7. Notice how the total error is not as large as the total error in Fig. 34.
This is due to the fact that changes in XfD-a-7 in Fig. 35 are compensated by the accuracy
of two other lines, whereas Fig. 34 is only compensated by the accuracy of one line.
Another point to make about Fig. 35 is that the total error is composed of both
errors in Xs and Zs. However, why this occurs in Fig. 35 and not in Fig. 34 is not clear
and may be a topic for further research.
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Figure 34 Two-line error propagation of Xs, Ys and Zs with respect to changes in XfD-a-7.

Figure 35 Three line error propagation of Xs, Ys and Zs with respect to changes in XfD-a-7.
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Fig. 36 shows the two-line error propagation of Xs, Ys and Zs with respect to
changes in YfD-a-7. The maximum total error in Fig. 36 is not as great as the total error in
Fig. 37. This suggests that Run 1 is not as sensitive to changes in YfD-a-7 as it is to
changes in XfD-a-7. The total error in Fig. 36 is made up from contributions in Ys and Zs.
Fig. 37 is a dampened version of Fig. 36 and is due to the fact that three lines are
used. It is also interesting to note that in Fig. 34 and 35 the error propagation is very
close to being linear, whereas in Fig. 36 and 37 the error propagation is more curved
(non-linear). See the appendix section for more error propagation figure for Runs 1, 2
and 3.

Figure 36 Two-line error propagation of Xs, Ys and Zs with respect to changes in YfD-a-7.

61

Figure 37 Three-line error propagation of Xs, Ys and Zs with respect to changes in YfD-a-7.

Tables 14 through 19 display the amount of error in xs, ys and zs when xf, yf, zf, xb,
yb or zb on line D-a-7 is changed by 0.3 cm from its original value for two-line and threeline methods in Runs 1, 2 and 3:

Table 14 Error in xs, ys and zs when xf, yf, zf, xb, yb or zb on line D-a-7 is changed by 0.3 cm from its original value for
two-line method in Run 1.
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Table 15 Error in xs, ys and zs when xf, yf, zf, xb, yb or zb on line D-a-7 is changed by 0.3 cm from its original value for
three-line method in Run 1.

Table 16 Error in xs, ys and zs when xf, yf, zf, xb, yb or zb on line D-a-7 is changed by 0.3 cm from its original value for
two-line method in Run 2.

Table 17 Error in xs, ys and zs when xf, yf, zf, xb, yb or zb on line D-a-7 is changed by 0.3 cm from its original value for
three-line method in Run 2.
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Table 18 Error in xs, ys and zs when xf, yf, zf, xb, yb or zb on line D-a-7 is changed by 0.3 cm from its original value for
two-line method in Run 3.

Table 19 Error in xs, ys and zs when xf, yf, zf, xb, yb or zb on line D-a-7 is changed by 0.3 cm from its original value for
three-line method in Run 3.

Tables 14 through 19 show that changes in the Cerrobend coordinates (xb, yb, zb)
produce a greater amount of total error than changes in film coordinates (xf, yf, zf), with
changes in xb producing the greatest amount of total error.

Experimental Shift Errors
As mentioned previously, the authors thought it necessary to explore how error
propagates in response to total shifts in film and Cerrobend coordinates. For example,
how does the error propagate if an experimenter believes that the Cerrobend points a, b,
and c are at coordinates (-1, 0, 0)cm, (0,0,0)cm and (1,0,0)cm respectively, but in reality
the Cerrobend coordinates are shifted to the right by one full centimeter so that the new
coordinates of a, b and c are at (0,0,-0)cm, (1,0,-0)cm and (2,0,-0)cm respectively? This
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same question applies to whole shifts in either the Cerrobend or film coordinates in the x,
y, or z directions. The graphs in Fig. 38 through 49 display how the error propagates
when these types of mistakes are made for the two-line and three-line methods.
As can be seen in the graphs below, it is not surprising that a shift in x, y or z of
the film coordinates produces the same magnitude of total error. This is due to the fact
that there is no special direction in space.

Therefore, the mathematics does not

differentiate whether there is a shift in the x, y, or z directions. This is also true for shifts
in Cerrobend coordinates. However, what is surprising is that the total errors in the twoline and three-line methods are equal for similar shifts in the x, y, or z directions.
Also, it is important to observe that shifts in the Cerrobend coordinates propagate
a greater magnitude in error then shifts in the film coordinates. This is in accordance to
what

was

observed

in

Error

Analysis

Runs

1,

2

and

3.

Since the results are the similar for "Experimental Errors" Runs 2 and 3 and show
no new information, they are listed in the appendix of this paper as a curiosity for the
reader.
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Figure 38 Two-line error propagation of Xs, Ys and Zs with respect to changes in XfD-a-7 and XfD-b-8.

Figure 39 Three-line error propagation of Xs, Ys and Zs with respect to changes in XfD-a-7 ,XfD-b-8 and XfD-c9..
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Figure 40 Two-line error propagation of Xs, Ys and Zs with respect to changes in YfD-a-7 and YfD-b-8 .

Figure 41 Three-line error propagation of Xs, Ys and Zs with respect to changes in YfD-a-7 ,YfD-b-8 and YfD-c9..
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Figure 42 Two-line error propagation of Xs, Ys and Zs with respect to changes in ZfD-a-7 and ZfD-b-8 .

Figure 43 Three-line error propagation of Xs, Ys and Zs with respect to changes in ZfD-a-7, ZfD-b-8 and ZfD-c-9 .
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Figure 44 Two-line error propagation of Xs, Ys and Zs with respect to changes in XbD-a-7 and XbD-b-8.

Figure 45 Three-line error propagation of Xs, Ys and Zs with respect to changes in XbD-a-7, XbD-b-8 and XbD-c-9.
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Figure 46 Two-line error propagation of Xs, Ys and Zs with respect to changes in YbD-a-7 and YbD-b-8 .

Figure 47 Three-line error propagation of Xs, Ys and Zs with respect to changes in YbD-a-7, YbD-b-8 and YbD-c-9 .
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Figure 48 Two-line error propagation of Xs, Ys and Zs with respect to changes in ZbD-a-7 and ZbD-b-8 .

Figure 49 Three-line error propagation of Xs, Ys and Zs with respect to changes in ZbD-a-7, ZbD-b-8 and ZbD-c-9 .
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Discussion and Conclusions
When comparing this work to the work of Song, Bowsher, Das, and Yin there are
many similarities and differences. Some of the similarities include the overall general
setup of both experiments and the fact that both experiments predict similar results in the
calculation of dwell point distances. The differences include the use of plastic “X’s”
versus metal ball bearings, the comparison of two-line and three-line calculations, and the
analysis of three-dimensional source point coordinate predictions.
Out of the similarities, the distance calculations between source points are the
most important because this fact alone lends credibility to the idea that the two
experiments are fundamentally the same in spite of their differences. However, it should
be pointed out that the choice of Song, Bowsher, Das, and Yin to publish only the
distances between dwell points is peculiar at best. A Medical Physicist is primarily
concerned mostly with the positioning (ie. coordinates) of the Brachytherapy Therapy
sources and not with the distance between dwell points. In fact, the distance between
dwell points is the one thing a Medical Physicist can be confident in since a computer
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system is responsible for determining them.4 For this reason, the prediction of threedimensional source coordinates seems to be more valuable.
The choice to use plastic “X’s” instead of ball bearings may not have been a good
one. The author originally chose to use plastic “X’s” instead of ball bearings out of the
convenience for both the researcher and Medical Physicist. This choice was made due to
the observation that the exposure time required to get a decent image when using ball
bearing was impractical. Since time reduction is paramount in Brachytherapy treatments,
the use of transparent plastic “X’s” seemed to be a superior method. However, in
practice, it is very difficult to calculate the three-dimensional source points due to the
unclear location of the image “X” centers. The idea of finding the center of the imaged
“X” sounds easy on the surface, but in truth can be very deceptive. One definition of the
center of the “X” is where the “X” image is darkest. This definition sounds good in
theory but is difficult in practice. The human eye does not seem to be very good at
determining slight variations in black and grey. Therefore, the experimenter is left to
“eyeballing” the center.

This difficulty of defining the center can be the cause of

appreciable error as was seen in the Results section. For this reason, it would have been
advantageous to define on Logger Pro the coordinates of the center image “X” while
allowing Logger Pro to define the center of all the other image “X’s”. In this way, errors
are reduced because Logger Pro calculates the coordinates instead of the experimenter.
The investigation of two-line versus three-line methods in this paper proved to be
valuable and suggests to the reader that the three-line method is superior to the two-line
4

It is not to say here that the distance between source points can never be inaccurate. However, out of all
the things that could go wrong (shifting in patient anatomy, etc.) , the distance between dwell points has the
least probability of being inaccurate.
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method due to the fact that it reduces error. Therefore, the three-line method should be
used by the Medical Physicist whenever possible.
Predicting the coordinates of the source points proved difficult in this paper for
several reasons. One of the reasons was already mentioned and has to with defining the
center of the image “X’s”. Another reason is that it is difficult to line up the centers of
the source, Cerrobend and film planes.
The experimenter or Medical Physicist can use the laser positioning system of the
linear accelerator located within the Brachytherapy room. Although this positioning laser
can be accurate, it can lead to errors. The reason for these errors is that the film,
Cerrobend and source planes must be aligned individually. For example, first the film
would be aligned in the cross hairs of the positioning laser, then the Cerrobend and
finally the source plane. The important point to notice about this process is that the
centers of each are found independently and no permanent marks are made to ensure that
the Physicist, patient or experimenter don’t accidently move the defined centers. Thus,
even though this method was used in this paper, it was difficult to define the actual center
of the film or Cerrobend because no permanent marks were made on either and the
experimenter was left to assume that the initial localization of the planes was done
correctly. Hence, from this assumption the geometric centers were determined through
the use of mathematics.
Another reason for the errors in the predictions of source coordinates in this paper
has to do with a mistake on this researcher’s part. The way that the coordinates were
measured in this experiment propagated errors more than necessary. As mentioned in the
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Results section, the coordinates of the center “X” (defined as the center “X” fourth from
the bottom) on the film was defined geometrically. Measurements were then made from
the center “X” to the “X’s” that immediately surround the center “X”. These surrounding
“X’s” are then used as the new starting points for further measurements. This process is
repeated until all the “X” images are measured. This method was used for both the paper
and Logger Pro Methods.

In hindsight, it would have been better to measure all

coordinates from the geometrically defined center. This would have been especially
efficacious when using a program like Logger Pro. Once the center “X” is defined
electronically all the other “X’s” coordinates are then defined by the computer.
In spite of some of the problems that were associated in the measurement of
source coordinates, some important properties were learned. From the sections on error
analysis it is clear that errors in the measurement of Cerrobend “X” coordinates cause
more error then errors in the measurement of film “X’s”. This suggests to the reader that
it is more important to ensure that the Cerrobend “X” coordinates are properly aligned
than it is to ensure that the film coordinates are aligned. The most likely reasons for this
has to do with the fact that the Cerrobend coordinates enter twice into the prediction
equations, whereas the film coordinates only enter once.
Another lessoned learned, which has already been mentioned in this section but is
worth repeating, is the fact that the three-line method reduces the amount of error in the
prediction of source coordinates. This fact cannot be emphasized enough and lends
motivation for further research. In other words, if three-lines are better than two-lines,
are four-lines better than three?

75

One more important observation made in this research is that total error is either
composed entirely of error in Zs or mostly split between errors in Zs and the
corresponding source coordinate.5 This fact allows the researcher to predict the error
created when a coordinate is measured incorrectly.
The final and perhaps most important observation made in this research is that the
errors in zs are two to four times greater than the errors in xs and ys. Therefore the
question arises if this method can be considered viable for source coordinate predictions
when considering the amount of error in zs in light of the fact that the accuracy of HDR
source placement needs to be within a few millimeters. The answer to this question may
as well be yes since the alternative methods of measuring dummy sources with X-rays
has no guarantee of being accurate since these “dummy sources” are measured before the
actual procedure.

Further Research
Further research could include small changes in the distance between the film and
Cerrobend to assess how this effects source point predictions. Similarly, the distance of
the actual source locations from the center y axis could be systematically changed to see
if the accuracy of source predictions depends on the distance between the source and the
y-axis. This will also help determine if there is a limited distance from the y-axis (or xaxis) that the source must be within for predictions to be accurate.

5

The definition of corresponding source coordinates can be found in the Error Analysis sections.
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Also, as mentioned before, further research should include the investigation of
whether using four-lines is better than using three-lines when predicting source
coordinates. This idea could be extended to the testing of five-lines, six-lines, etc.
Perhaps there is a point where adding another line does not reduce error?
Other than the increase in the length of dwell times, it is unclear how else the use
of real patients may affect this experiment. Further research would therefore include the
testing of real patients to see if any other changes are made to the prediction of sources.
All in all, this work has both validated and added to the results of Song, Bowsher,
Das, and Yin.

It has drawn some basic conclusions about the prediction of source

coordinates and the efficacy of doing so in practice. If theses conclusion are coupled
with future research, it is not unreasonable to believe that someday this method will be
utilized in the practice of Brachytherapy.
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Appendix
MatLab Code for Two-Line Method
For the following code to work, one must define the coordinates of two separate
lines. These coordinates include xb1, yb1, zb1, xf1, yf1 and zf1 for the first line and xb2, yb2,
zb2, xf2, yf2 and zf2 for the second line.

% equation of line for first bead/film combo
x1 = @(m) (xb1 + m*(xf1-xb1));
y1 = @(m) (yb1 + m*(yf1-yb1));
z1 = @(m) (zb1 + m*(zf1-zb1));
% equation of line for second bead/film combo
x2 = @(m) (xb2 + m*(xf2-xb2));
y2 = @(m) (yb2 + m*(yf2-yb2));
z2 = @(m) (zb2 + m*(zf2-zb2));
% x, y,
xdistsq
ydistsq
zdistsq

and z parts of distance squared between 2 lines
= @(m) ( x1(m(1)) - x2(m(2)) )^2;
= @(m) ( y1(m(1)) - y2(m(2)) )^2;
= @(m) ( z1(m(1)) - z2(m(2)) )^2;

% total distance squared between 2 lines for any m1 and m2
pdistsq = @(m) xdistsq(m) + ydistsq(m) + zdistsq(m);
% find m1 and m2 at which the distance between the two lines is a
minimum
mbest = fminsearch(@(m) pdistsq(m), [-1 -1]);
% point on first line that is closest to second line
xc1 = x1(mbest(1));
yc1 = y1(mbest(1));
zc1 = z1(mbest(1));
% point on second line that is closest to first line
xc2 = x2(mbest(2));
yc2 = y2(mbest(2));
zc2 = z2(mbest(2));
% best estimate of source position, halfway between points of closest
approach of two lines

79

xs = (xc1 + xc2)/2
ys = (yc1 + yc2)/2
zs = (zc1 + zc2)/2

MatLab Code for Three-Line Method

For the following code to work, one must define the coordinates of three separate
lines. These coordinates include xb1, yb1, zb1, xf1, yf1 and zf1 for the first line, xb2, yb2, zb2,
xf2, yf2 and zf2 for the second line, and xb3, yb3, zb3, xf3, yf3 and zf3.
% initial guess for location of source
x0 = 0;
y0 = 0;
z0 = 1;
for i = 1:num_lines
% vector for each line
vx(i) = xb(i) - xf(i);
vy(i) = yb(i) - yf(i);
vz(i) = zb(i) - zf(i);
% mag of each vector
magv(i) = sqrt(vx(i)^2 + vy(i)^2 + vz(i)^2);
end
% find point that is minimum of sum of distance squared to all lines
rbest = fminsearch(@sumsq_dist_point_line, [x0 y0 z0]);
x = rbest(1)
y = rbest(2)
z = rbest(3)
function tot_Dsq = sumsq_dist_point_line(r)
global xb yb zb vx vy vz magv num_lines
x = r(1);
y = r(2);
z = r(3);
tot_Dsq = 0;
% Right triangle is formed among:
%
point Q = any point on the line. I've chosen xb,yb,zb
%
point P = the point closest to all lines that we are trying to
find. Current guess in this function is x,y,z.
%
point R = the point on the line that is closest to P.
%
QP is the hypotenuse. QR and PR are at right angles to each other.
PR is the minimum distance between P and the line.
for i = 1:num_lines
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% projection of hypotenuse on vector
QR(i) = ((x-xb(i))*vx(i) + (y-yb(i))*vy(i) + (z-zb(i))*vz(i)) /
magv(i);
% magnitude squared of hypotenuse
QP_sq(i) = (x-xb(i))^2 + (y-yb(i))^2 + (z-zb(i))^2;
% add up the perpendicular distances squared between point (x,y,z)
and the line. (PR^2)
tot_Dsq = tot_Dsq + QP_sq(i) - QR(i)^2;
end

Continuation of Tables from Results Section
Run 2
Tables 20 and 21 compare the actual source location, the calculated source
location and the difference between them for both paper and Logger pro methods
(compare with Tables 4 and 5):
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Table 20 Two-Line Paper: Displays the actual source location, the calculated source location and the difference
between them.

Line #'s

Actual Source
Location (Cm)

Calculated Source Location (Cm)

Difference (Cm)
(2 decimals)

F-a-1, F-b-2

(3,-2,10)

(3.8524, -2.4624, 12.3799)

(0.85, 0.46, 2.38)

F-b-2, F-c-3

(3,-2,10)

(2.6718, -1.7582, 8.3509)

(0.33, 0.24 ,1.65)

F-a-1, F-c-3

(3,-2,10)

(3.1058, -2.3724, 10.6198)

(0.11, 0.37, 0.62)

E-a-4, E-b-5

(3,-1,10)

(3.6427, -1.2324, 11.8859)

(0.64, 0.23, 1.89)

E-b-5, E-c-6

(3,-1,10)

(2.6873, -0.9913, 8.5381)

(0.31, 0.01, 1.46)

E-a-4, E-c-6

(3,-1,10)

(3.0712, -1.3494, 10.5398)

(0.07, 0.35, 0.54)

D-a-7, D-b8

(3,0,10)

(3.2556, -0.1399, 10.8991)

(0.26, 0.14, 0.90)

D-b-8, D-c-9

(3,0,10)

(2.7480, -0.1972, 9.0157)

(0.25, 0.20, 0.98)

D-a-7, D-c-9

(3,0,10)

(3.0014, -0.3516, 10.3266)

(0.00, 0.35, 0.33)

(3,1,10)

(3.0631, 0.7386, 10.3593)

(0.06, 0.26, 0.36)

(3,1,10)

(2.7370, 0.6243, 9.0104)

(0.26, 0.38, 0.99)

(3,1,10)

(2.9781, 0.5252, 10.2745)

(0.02, 0.48, 0.28)

(3, 2, 10)

(3.1296, 1.7492, 10.5413)

(0.13, 0.25, 0.54)

(3, 2, 10)

(2.7347, 1.4534, 9.0428)

(0.27, 0.55, 0.96)

(3, 2, 10)

(2.9738, 1.4892, 10.3681)

(0.03, 0.51, 0.37)

C-a-10, C-b11
C-b-11, C-c12
C-a-10, C-c12
B-a-13, B-b14
B-b-14, B-c15
B-a-13, B-c15
A-a-16, A-b17
A-b-17, A-c18
A-a-16, A-c18

(0, 3, 10)

?

(0, 3, 10)

?

(0, 3, 10)

?

Total Diff.
Mean/Total
Diff. S.D.

Mean Diff in (xs,ys,zs)
Calc. and S.D. of Diff
in (xs,ys,zs) Calc. (All
in Cm)

Mean: (0.43, 0.36,
1.55)
S.D.: (0.38, 0.11, 0.88)

Mean:(0.34, 0.20,
1.30)
S.D.: (0.29, 0.17, 0.69)

Mean:(0.17, 0.23,
0.74)
S.D.:(0.15, 0.11, 0.36)

Mean: (0.11, 0.37,
0.54)
S.D.: (0.13, 0.11, 0.39)

Mean: (0.14, 0.44,
0.62)
S.D.: (0.12, 0.16, 0.30)

?

Mean:(0.24, 0.32,
0.95)
S.D. :(0.24, 0.15, 0.64)
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Table 21 –Two-Line Logger Pro: Displays the actual source location, the calculated source location and the
difference between them.

Line #'s

Actual Source
Location (Cm)

Calculated Source Location (Cm)

Difference (Cm)
(2 decimals)

F-a-1, F-b-2

(3,-2,10)

(3.5178, -2.2943, 11.6231)

(0.52, 0.29, 1.62)

F-b-2, F-c-3

(3,-2,10)

(2.6251, -1.7945, 8.3088)

(0.38, 0.21,1.69)

F-a-1, F-c-3

(3,-2,10)

(3.0641, -2.3850, 10.4797)

(0.06, 0.39, 0.48)

E-a-4, E-b-5

(3,-1,10)

(3.6572, -1.2198, 12.0506)

(0.66, 0.22, 2.05)

E-b-5, E-c-6

(3,-1,10)

(2.7153,-1.0465, 8.7427)

(0.29, 0.05, 1.26)

E-a-4, E-c-6

(3,-1,10)

(3.0491, -1.3228, 10.5285)

(0.05, 0.32, 0.53)

D-a-7, D-b8

(3,0,10)

(3.4275, -0.1433, 11.4758)

(0.43, 0.14, 1.48)

D-b-8, D-c-9

(3,0,10)

(2.7402, -0.2010, 8.9820)

(0.26, 0.20, 1.02)

D-a-7, D-c-9

(3,0,10)

(3.0431, -0.3617, 10.5858)

(0.04, 0.36, 0.59)

(3,1,10)

(3.3238, 0.8620, 11.1196)

(0.32, 0.14, 1.12)

(3,1,10)

(2.7589, 0.6438, 9.0401)

(0.24, 0.36, 0.96)

(3,1,10)

(3.0357, 0.6008, 10.5121)

(0.04, 0.40, 0.51)

(3, 2, 10)

(3.0790, 1.7124, 10.4603)

(0.08, 0.29, 0.46)

(3, 2, 10)

(2.7464, 1.4752, 9.0194)

(0.25, 0.53, 0.98)

(3, 2, 10)

(3.0441, 1.4980, 10.6652)

(0.04, 0.50, 0.67)

(3, 3, 10)

?

?

(3, 3, 10)

?

?

(3, 3, 10)

?

?

C-a-10, C-b11
C-b-11, C-c12
C-a-10, C-c12
B-a-13, B-b14
B-b-14, B-c15
B-a-13, B-c15
A-a-16, A-b17
A-b-17, A-c18
A-a-16, A-c18

Mean Diff in
(xs,ys,zs) Calc.
and S.D. of Diff
in (xs,ys,zs) Calc.
(All in Cm)
Mean: (0.32, 0.30,
1.26)
S.D.: (0.24, 0.09,
0.68)

Mean: (0.33, 0.20,
1.28 )
S.D. :(0.31, 0.14,
0.76)

Mean:(0.24, 0.23,
1.03 )
S.D.:(0.20, 0.11,
0.45)

Mean: (0.20, 0.30,
0.86)
S.D.: (0.14 ,0.14,
0.32)

Mean: (0.12, 0.44,
0.70)
S.D.: (0.11, 0.13,
0.26)

?

Mean: (0.24, 0.29,
1.03)
S.D.: (0.20, 0.14,
0.51)

Total Mean
Diff./ Total
S.D. of Diff.

Tables 22 and 23 compares the distance between the actual dwell positions and
the calculated dwell positions for the two-line paper and Lab Pro methods:
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Table 22 Two-Line Paper: Compares the distance between the actual dwell positions and the calculated dwell
positions.
Lines used to calculate source
Actual distance between dwell positions

Calculated distance between dwell

(cm)

positions (cm)

(F-a-1, F-b-2) and (E-a-4, E-b-5)

1

1.25

(F-b-2, F-c-3) and (E-b-5, E-c-6)

1

0.77

(F-a-1, F-c-3) and (E-a-4, E-c-6)

1

1.02

(E-a-4, E-b-5) and (D-a-7, D-b-8)

1

1.16

(E-b-5, E-c-6) and (D-b-8, D-c-9)

1

0.80

(E-a-4, E-c-6) and (D-a-7, D-c-9)

1

1.00

(D-a-7, D-b-8) and (C-a-10, C-b-11)

1

0.90

(D-b-8, D-c-9) and (C-b-11, C-c-12)

1

0.82

(D-a-7, D-c-9) and (C-a-10, C-c-12)

1

0.88

1

1.01

1

0.83

1

0.96

1

?

1

?

1

?

points that are used in distance
formula

(C-a-10, C-b-11) and (B-a-13, B-b14)
(C-b-11, C-c-12) and (B-b-14, B-c15)
(C-a-10, C-c-12) and (B-a-13, B-c15)
(B-a-13, B-b-14) and (A-a-16, A-b17)
(B-b-14, B-c-15) and (A-b-17, A-c18)
(B-a-13, B-c-15) and (A-a-16, A-c18)
Mean / Standard Deviation

0.95/0.15
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Table 23 Compares the distance between the actual dwell positions and the calculated dwell positions. (Two-line
Logger Pro method)
Lines used to calculate source
Actual distance between dwell positions

Calculated distance between dwell

(cm)

positions (cm)

(F-a-1, F-b-2) and (E-a-4, E-b-5)

1

1.08

(F-b-2, F-c-3) and (E-b-5, E-c-6)

1

0.75

(F-a-1, F-c-3) and (E-a-4, E-c-6)

1

1.06

(E-a-4, E-b-5) and (D-a-7, D-b-8)

1

1.10

(E-b-5, E-c-6) and (D-b-8, D-c-9)

1

0.85

(E-a-4, E-c-6) and (D-a-7, D-c-9)

1

0.96

(D-a-7, D-b-8) and (C-a-10, C-b-11)

1

1.01

(D-b-8, D-c-9) and (C-b-11, C-c-12)

1

0.85

(D-a-7, D-c-9) and (C-a-10, C-c-12)

1

0.96

1

0.89

1

0.83

1

0.90

1

?

1

?

1

?

points that are used in distance
formula

(C-a-10, C-b-11) and (B-a-13, B-b14)
(C-b-11, C-c-12) and (B-b-14, B-c15)
(C-a-10, C-c-12) and (B-a-13, B-c15)
(B-a-13, B-b-14) and (A-a-16, A-b17)
(B-b-14, B-c-15) and (A-b-17, A-c18)
(B-a-13, B-c-15) and (A-a-16, A-c18)
Mean / Standard Deviation

0.94/0.11

In Table 22, the mean distance between dwell points was found to be 0.95 cm
with a standard deviation of 0.15 cm for the paper method. In Table 23, the mean
distance between dwell points was found to be 0.94 cm with a standard deviation of 0.11
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cm. As previously stated, the work of Song, Bowsher, Das and Yin determined that the
distance between dwell points was 0.93 cm with a standard deviation of 0.15 cm (see Fig.
6).
Tables 24 and 25 display the same data as Tables 20 and 21 for the three-line
paper method:
Table 24 Three-Line Paper:Displays the actual source location, the calculated source location and the difference
between them.

Line #'s

Actual Source
Location (Cm)

Calculated Source
Location (Cm)

Difference (Cm)

F-a-1, F-b-2, F-c-3

(3,-2,10)

(3.0893 ,-2.1783, 10.3272)

(0.09 ,0.18, 0.33)

E-a-4, E-b-5, E-c-6

(3,-1,10)

(3.0542, -1.1925, 10.2893)

(0.05 ,0.19, 0.29)

D-a-7,D-b-8, D-c-9

(3, 0,10)

(2.9847 ,-0.2323, 10.1595)

(0.02 ,0.23, 0.16)

C-a-10, C-b-11,C-c-12

(3,1,10)

(2.9439, 0.6423, 10.0395)

(0.06 ,0.36, 0.04)

B-a-13, B-b-14, B-c-15

(3,2,10)

(2.9312, 1.5829, 10.0191)

(0.07, 0.42,0.02)

A-a-16, A-b-17, A-c-18

(3,3,10)

?

?

(2 decimals)

Mean: (0.06, 0.28, 0.17)
S.D.: (0.03, 0.11, 0.14)

Mean Diff./S.D. of Diff.

Table 25 Displays the actual source location, the calculated source location and the difference between them.
(Three-Line Logger Pro method)

Line #'s

Actual Source
Location (Cm)

Calculated Source
Location (Cm)

Difference (Cm)

F-a-1, F-b-2, F-c-3

(3,-2,10)

(3.0190, -2.1774, 10.1971)

(0.02 ,0.18, 0.20)

E-a-4, E-b-5, E-c-6

(3,-1,10)

(3.0502, -1.1973, 10.3673)

(0.05, 0.20, 0.37)

D-a-7,D-b-8, D-c-9

(3, 0,10)

(3.0297, -0.2386, 10.3878)

(0.03 ,0.24, 0.39)

C-a-10, C-b-11,C-c-12

(3,1,10)

(3.0179, 0.7074, 10.3002)

(0.02 ,0.29, 0.30)

B-a-13, B-b-14, B-c-15

(3,2,10)

(2.9764, 1.6015, 10.1908)

(0.02, 0.40, 0.19)

A-a-16, A-b-17, A-c-18

(3,3,10)

?

?

(2 decimals)

Mean: (0.03, 0.26, 0.29)
S.D.: (0.01, 0.09, 0.09)

Mean Diff./S.D. of Diff.
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Tables 26 and 27 compares the distance between the actual dwell positions and
the calculated dwell positions for the three-line paper and Logger Pro methods:

Table 26 Three-Line Paper:Compares the distance between the actual dwell positions and the calculated dwell
positions.
Lines used to calculate source points that
Actual distance between
Calculated distance between dwell
are used in distance formula
dwell positions (cm)
positions (cm)
(F-a-1, F-b-2, F-c-3) and (E-a-4, E-b-5, E-c-6)

1

0.99

(E-a-4, E-b-5, E-c-6)and (D-a-7, D-b-8, D-c-9)

1

0.96

1

0.88

1

0.94

1

?

(D-a-7, D-b-8, D-c-9)and (C-a-10, C-b-11, C-c12)
(C-a-10, C-b-11, C-c-12) and (B-a-13, B-b-14, Bc-15)
(B-a-13, B-b-14, B-c-15) and (A-a-16, A-b-17,
A-c-18)
Mean/ Standard Deviation

0.94 /0.05

Table 27 Three-line Logger Pro:Compares the distance between the actual dwell positions and the calculated
dwell positions.
Lines used to calculate source points that
Actual distance between
Calculated distance between dwell
are used in distance formula
dwell positions (cm)
positions (cm)
(F-a-1, F-b-2, F-c-3) and (E-a-4, E-b-5, E-c-6)

1

0.98

(E-a-4, E-b-5, E-c-6)and (D-a-7, D-b-8, D-c-9)

1

0.96

1

0.95

1

0.90

1

?

(D-a-7, D-b-8, D-c-9)and (C-a-10, C-b-11, C-c12)
(C-a-10, C-b-11, C-c-12) and (B-a-13, B-b-14, Bc-15)
(B-a-13, B-b-14, B-c-15) and (A-a-16, A-b-17,
A-c-18)
Mean/ Standard Deviation

0.95 /0.03

87

Run 3
Tables 28 and 29 compare the actual source location, the calculated source
location and the difference between them for both paper and Logger pro methods:
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Table 28 Two-Line Paper: Displays the actual source location, the calculated source location and the difference
between them.

Line #'s

Actual Source
Location (Cm)

Calculated Source Location (Cm)

Difference (Cm)
(2 decimals)

F-a-1, F-b-2

(1.41,-1.41,7.5)

(1.6727, -1.5243, 9.0721)

(0.26, 0.11, 1.57)

F-b-2, F-c-3

(1.41,-1.41,7.5)

(1.2809, -1.2494, 6.5653)

(0.13, 0.16 ,0.93)

F-a-1, F-c-3

(1.41,-1.41,7.5)

(1.3323, -1.6178, 7.9989)

(0.08, 0.21, 0.50)

E-a-4, E-b-5

(0.71, -0.71, 7.5)

(0.8159, -0.8082, 8.8240)

(0.11, 0.10, 1.32)

E-b-5, E-c-6

(0.71, -0.71, 7.5)

(0.6760, -0.7232, 6.8262)

(0.03, 0.01, 0.67)

E-a-4, E-c-6

(0.71, -0.71, 7.5)

(0.6061, -0.9524, 7.9868)

(0.10, 0.24, 0.49)

D-a-7, D-b-8

(0,0,7.5)

(-0.0090, -0.1257, 8.5209)

(0.01, 0.13, 1.02)

D-b-8, D-c-9

(0,0,7.5)

(0.0420, -0.2018, 6.8274)

(0.04, 0.20, 0.67)

D-a-7, D-c-9

(0,0,7.5)

(-0.1135, -0.3437, 7.8977)

(0.11, 0.34, 0.40)

C-a-10, C-b-11

(-0.71, 0.71, 7.5)

(-0.7676, 0.5994, 8.3320)

(0.06, 0.11, 0.83)

C-b-11, C-c-12

(-0.71, 0.71, 7.5)

(-0.5569, 0.3903, 6.6763)

(0.15, 0.32, 0.82)

C-a-10, C-c-12

(-0.71, 0.71, 7.5)

(-0.8188, 0.3276, 7.8064)

(0.11, 0.38, 0.31)

B-a-13, B-b-14

(-1.41, 1.41, 7.5)

(-1.4402, 1.2550, 7.9441)

(0.03, 0.16, 0.44)

B-b-14, B-c-15

(-1.41, 1.41, 7.5)

(-1.3276, 1.1050, 7.5000)

(0.08, 0.31, 0.00)

B-a-13, B-c-15

(-1.41, 1.41, 7.5)

(-1.4858, 1.0646, 8.0467)

(0.08, 0.35, 0.55)

A-a-16, A-b-17

(-2.12, 2.12, 7.5)

(-2.3162, 1.9724, 8.1052)

(0.20, 0.15, 0.61)

A-b-17, A-c-18

(-2.12, 2.12, 7.5)

?

A-a-16, A-c-18

(-2.12, 2.12, 7.5)

?

Total Diff.
Mean/Total
Diff. S.D.

Mean Diff in (xs,ys,zs)
Calc. and S.D. of Diff
in (xs,ys,zs) Calc. (All in
Cm)

Mean: (0.16, 0.16, 1.00)
S.D.: (0.09, 0.05, 0.54)

Mean:(0.08, 0.12, 0.83)
S.D.: (0.04, 0.12, 0.44)

Mean:(0.05, 0.22, 0.70)
S.D.:(0.05, 0.11, 0.31)

Mean: (0.11, 0.27, 0.65)
S.D.: (0.05, 0.14, 0.30)

Mean: (0.06, 0.27 , 0.33)
S.D.: (0.03, 0.10, 0.29)

?

Mean:(0.10, 0.21, 0.70)
S.D. :(0.07, 0.11, 0.39)
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Table 29 Two-Line Logger Pro: Displays the actual source location, the calculated source location and the
difference between them.

Line #'s

Actual Source
Location (Cm)

Calculated Source Location (Cm)

Difference (Cm)
(2 decimals)

F-a-1, F-b-2

(1.41,-1.41,7.5)

(1.6045, -1.6258, 8.9112)

(0.19, 0.22, 1.41)

F-b-2, F-c-3

(1.41,-1.41,7.5)

(1.2636, -1.3231, 6.7246)

(0.15, 0.09, 0.78)

F-a-1, F-c-3

(1.41,-1.41,7.5)

(1.2976, -1.6879, 7.9855)

(0.11, 0.28, 0.49)

E-a-4, E-b-5

(0.71, -0.71, 7.5)

(0.7176 -0.8395, 8.5641)

(0.01, 0.13, 1.06)

E-b-5, E-c-6

(0.71, -0.71, 7.5)

(0.6261, -0.7482, 6.7523)

(0.08, 0.04, 0.75)

E-a-4, E-c-6

(0.71, -0.71, 7.5)

(0.5548, -1.0158, 7.9404)

(0.16, 0.31, 0.44)

D-a-7, D-b-8

(0,0,7.5)

(-0.0178, -0.1550, 8.6120)

(0.02, 0.16, 1.11)

D-b-8, D-c-9

(0,0,7.5)

(0.0333, -0.1856, 6.8338)

(0.03, 0.19, 0.67)

D-a-7, D-c-9

(0,0,7.5)

(-0.1387, -0.3528, 7.9604)

(0.14, 0.35, 0.46)

C-a-10, C-b-11

(-0.71, 0.71, 7.5)

(-0.7965, 0.5572, 8.2479)

(0.09, 0.15, 0.75)

C-b-11, C-c-12

(-0.71, 0.71, 7.5)

(-0.6186, 0.4220, 6.8926)

(0.09, 0.29, 0.61

C-a-10, C-c-12

(-0.71, 0.71, 7.5)

(-0.8464, 0.3339, 7.8475)

(0.14, 0.38, 0.35)

B-a-13, B-b-14

(-1.41, 1.41, 7.5)

(-1.4811, 1.2800, 8.3009)

(0.07, 0.13, 0.80)

B-b-14, B-c-15

(-1.41, 1.41, 7.5)

(-1.1874, 0.9837, 6.9520)

(0.22, 0.43, 0.55)

B-a-13, B-c-15

(-1.41, 1.41, 7.5)

(-1.5316, 0.9945, 8.0657)

(0.12, 0.42, 0.57)

A-a-16, A-b-17

(-2.12, 2.12, 7.5)

(-2.2187, 2.0448, 8.3479)

(0.10, 0.08, 0.85)

A-b-17, A-c-18

(-2.12, 2.12, 7.5)

?

A-a-16, A-c-18

(-2.12, 2.12, 7.5)

?

Total Diff.
Mean/Total
Diff. S.D.

Mean Diff in (xs,ys,zs)
Calc. and S.D. of Diff
in (xs,ys,zs) Calc. (All
in Cm)

Mean: (0.15, 0.20, 0.89)
S.D.: (0.04, 0.10, 0.47)

Mean:(0.08, 0.16, 0.75)
S.D.: (0.08, 0.14, 0.31)

Mean:(0.06, 0.23, 0.75)
S.D.:(0.07, 0.10, 0.33)

Mean: (0.11, 0.27, 0.57)
S.D.: (0.03, 0.12, 0.20)

Mean: (0.14,0.33 , 0.64)
S.D.: (0.08, 0.17, 0.14)

?

Mean:(0.11, 0.23, 0.73)
S.D. :(0.06, 0.13, 0.28)
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Tables 30 and 31 compares the distance between the actual dwell positions and
the calculated dwell positions for the two-line paper and Logger Pro methods
respectively:
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Table 30 Two-Line Paper: Compares the distance between the actual dwell positions and the calculated dwell
positions.
Lines used to calculate source
Actual distance between dwell positions

Calculated distance between dwell

(cm)

positions (cm)

(F-a-1, F-b-2) and (E-a-4, E-b-5)

1

1.12

(F-b-2, F-c-3) and (E-b-5, E-c-6)

1

0.80

(F-a-1, F-c-3) and (E-a-4, E-c-6)

1

0.99

(E-a-4, E-b-5) and (D-a-7, D-b-8)

1

1.07

(E-b-5, E-c-6) and (D-b-8, D-c-9)

1

0.82

(E-a-4, E-c-6) and (D-a-7, D-c-9)

1

0.94

(D-a-7, D-b-8) and (C-a-10, C-b-11)

1

1.05

(D-b-8, D-c-9) and (C-b-11, C-c-12)

1

0.84

(D-a-7, D-c-9) and (C-a-10, C-c-12)

1

0.97

1

0.91

1

1.05

1

0.99

1

1.13

1

?

1

?

points that are used in distance
formula

(C-a-10, C-b-11) and (B-a-13, B-b14)
(C-b-11, C-c-12) and (B-b-14, B-c15)
(C-a-10, C-c-12) and (B-a-13, B-c15)
(B-a-13, B-b-14) and (A-a-16, A-b17)
(B-b-14, B-c-15) and (A-b-17, A-c18)
(B-a-13, B-c-15) and (A-a-16, A-c18)
Mean / Standard Deviation

0.98/0.11
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Table 31 Two-Line Logger Pro: Compares the distance between the actual dwell positions and the calculated
dwell positions.
Lines used to calculate source
Actual distance between dwell positions

Calculated distance between dwell

(cm)

positions (cm)

(F-a-1, F-b-2) and (E-a-4, E-b-5)

1

1.19

(F-b-2, F-c-3) and (E-b-5, E-c-6)

1

0.86

(F-a-1, F-c-3) and (E-a-4, E-c-6)

1

1.00

(E-a-4, E-b-5) and (D-a-7, D-b-8)

1

1.01

(E-b-5, E-c-6) and (D-b-8, D-c-9)

1

0.82

(E-a-4, E-c-6) and (D-a-7, D-c-9)

1

0.96

(D-a-7, D-b-8) and (C-a-10, C-b-11)

1

1.06

(D-b-8, D-c-9) and (C-b-11, C-c-12)

1

0.89

(D-a-7, D-c-9) and (C-a-10, C-c-12)

1

0.99

1

1.00

1

0.80

1

0.95

1

1.06

1

?

1

?

points that are used in distance
formula

(C-a-10, C-b-11) and (B-a-13, B-b14)
(C-b-11, C-c-12) and (B-b-14, B-c15)
(C-a-10, C-c-12) and (B-a-13, B-c15)
(B-a-13, B-b-14) and (A-a-16, A-b17)
(B-b-14, B-c-15) and (A-b-17, A-c18)
(B-a-13, B-c-15) and (A-a-16, A-c18)
Mean / Standard Deviation

0.97/0.11

In Table 30, the mean distance between dwell points was found to be 0.98 cm
with a standard deviation of 0.11 cm for the paper method. In Table 31, the mean
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distance between dwell points was found to be 0.97 cm with a standard deviation of 0.11
cm. As stated in Runs 1 and 2, the work of Song, Bowsher, Das and Yin determined that
the distance between dwell points was 0.93 cm with a standard deviation of 0.15 cm (see
Fig. 6).
Tables 32 and 33 compare the actual source location, the calculated source
location and the difference between them for both the three-line paper and Logger pro
methods:
Table 32 Three-Line Paper: Displays the actual source location, the calculated source location and the difference
between them.

Line #'s

Actual Source
Location (Cm)

Calculated Source
Location (Cm)

Difference (Cm)

F-a-1, F-b-2, F-c-3

(1.41, -1.41, 7.5)

(1.3571, -1.4673, 7.8567)

(0.05 ,0.06, 0.36)

E-a-4, E-b-5, E-c-6

(0.71, -0.71, 7.8839)

(0.6448, -0.8319, 7.8839)

(0.07 ,0.12, 0.38)

D-a-7,D-b-8, D-c-9

(0,0,7.5)

(0.1364, -0.5728, 7.8687)

(0.14 ,0.57, 0.37)

C-a-10, C-b-11,C-c-12

(-0.71, 0.71, 7.5)

(-0.7689, 0.4425, 7.6820)

(0.06 ,0.27, 0.18)

B-a-13, B-b-14, B-c-15

(-1.41, 1.41, 7.5)

(-1.4271, 1.1557, 7.8467)

(0.02, 0.25,0.35)

A-a-16, A-b-17, A-c-18

(-2.12, 2.12, 7.5)

?

?

(2 decimals)

Mean: (0.07, 0.25 ,0.33
S.D.: (0.04, 0.20, 0.08)

Mean Diff./S.D. of Diff.
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Table 33 Displays the actual source location, the calculated source location and the difference between them.
(Three-Line Logger Pro method)

Line #'s

Actual Source
Location (Cm)

Calculated Source
Location (Cm)

Difference (Cm)

F-a-1, F-b-2, F-c-3

(1.41, -1.41, 7.5)

(1.3273, -1.5478, 7.8652)

(0.08 ,0.14, 0.37)

E-a-4, E-b-5, E-c-6

(0.71, -0.71, 7.8839)

(0.5872, -0.8756, 7.8078)

(0.12 ,0.17, 0.80)

D-a-7,D-b-8, D-c-9

(0,0,7.5)

(-0.0908, -0.2332, 7.8456)

(0.09 ,0.23, 0.35)

C-a-10, C-b-11,C-c-12

(-0.71, 0.71, 7.5)

(--0.7998, 0.4429, 7.7397)

(0.09 ,0.27, 0.24)

B-a-13, B-b-14, B-c-15

(-1.41, 1.41, 7.5)

(-1.4383, 1.1032, 7.8126)

(0.03, 0.31,0.31)

A-a-16, A-b-17, A-c-18

(-2.12, 2.12, 7.5)

?

?

(2 decimals)

Mean: (0.08, 0.22 ,0.41)
S.D.: (0.03, 0.07, 0.22)

Mean Diff./S.D. of Diff.

Tables 34 and 35 compares the distance between the actual dwell positions and
the calculated dwell positions for the three-line paper and Logger Pro methods:
Table 34 Three-Line Paper:Compares the distance between the actual dwell positions and the calculated dwell
positions.
Lines used to calculate source points that
Actual distance between
Calculated distance between dwell
are used in distance formula
dwell positions (cm)
positions (cm)
(F-a-1, F-b-2, F-c-3) and (E-a-4, E-b-5, E-c-6)

1

0.95

(E-a-4, E-b-5, E-c-6)and (D-a-7, D-b-8, D-c-9)

1

0.57

1

1.36

1

0.97

1

?

(D-a-7, D-b-8, D-c-9)and (C-a-10, C-b-11, C-c12)
(C-a-10, C-b-11, C-c-12) and (B-a-13, B-b-14,
B-c-15)
(B-a-13, B-b-14, B-c-15) and (A-a-16, A-b-17,
A-c-18)
Mean/ Standard Deviation

0.96 /0.32
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Table 35 Three-line Logger Pro: Compares the distance between the actual dwell positions and the calculated
dwell positions.
Lines used to calculate source points that
Actual distance between
Calculated distance between dwell
are used in distance formula
dwell positions (cm)
positions (cm)
(F-a-1, F-b-2, F-c-3) and (E-a-4, E-b-5, E-c-6)

1

1.00

(E-a-4, E-b-5, E-c-6)and (D-a-7, D-b-8, D-c-9)

1

0.93

1

0.98

1

0.92

1

?

(D-a-7, D-b-8, D-c-9)and (C-a-10, C-b-11, C-c12)
(C-a-10, C-b-11, C-c-12) and (B-a-13, B-b-14,
B-c-15)
(B-a-13, B-b-14, B-c-15) and (A-a-16, A-b-17,
A-c-18)
Mean/ Standard Deviation

0.96 /0.04

Continuation of Measurement Error from Results Section
Run 1
Fig. 50 and 51 follow the same patterns as seen in the other Fig. , where there
total error is reduced in the three line method. From the evaluation of Fig. 50 and 51, it is
obvious that the error in Xs, Ys and Zs is not very sensitive to changes in Zf.
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Figure 50 Two-line error propagation of Xs, Ys and Zs with respect to changes in ZfD-a-7.

Figure 51 Three-line error propagation of Xs, Ys and Zs with respect to changes in ZfD-a-7.

Fig. 52 and 53 show that Run 1 is much more sensitive to changes in XbD-a-7 then
to changes in XfD-a-7 (see Fig. 34 and 52). Also, it is interesting to note that in Fig. 35, Xs
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does not contribute to the total error. However, Xs does not contribute to the error in Fig.
35. This same phenomenon was seen in Fig. 34 and 35.

Figure 52 Two-line error propagation of Xs, Ys and Zs with respect to changes in XbD-a-7.

Figure 53 Three-line error propagation of Xs, Ys and Zs with respect to changes in XbD-a-7.
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Fig. 54 and 55 display the error propagation of Xs, Ys and Zs with respect to
changes in YbD-a-7.

The total error in Fig. 54 and 55 is greater than the total error in Fig.

36 and 37. This fact suggests that Run 1 is much more sensitive to changes in YbD-a-7
then to changes in YfD-a-7.

Figure 54 Two-line error propagation of Xs, Ys and Zs with respect to changes in YbD-a-7.
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Figure 55 Three-line error propagation of Xs, Ys and Zs with respect to changes in YbD-a-7.

Fig. 56 and 57 resemble the graphs found in Fig. 50 and 51. However, the
maximum amount of error in Fig. 56 and 57 is greater than the maximum error in Fig. 50
and 51.
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Figure 56 Two-line error propagation of Xs, Ys and Zs with respect to changes in ZbD-a-7.

Figure 57 Three-line error propagation of Xs, Ys and Zs with respect to changes in ZbD-a-7.
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In summary, it can be concluded from Fig. 50-57 that the error is reduced when
three-lines are used versus two-lines. Also, it can be concluded that changes in the
Cerrobend coordinates cause a larger amount of error then changes in the corresponding
film coordinates. Finally, the total error in the above graphs are either entirely composed
of error in Zs or are mostly composed of errors in Zs and the corresponding source
coordinate that is changed by 0.1 cm increments. The words “corresponding source
coordinates” are used here to define the following pairs of coordinates: Xf and Xs, Xb
and Xs, Yf and Ys, Yb and Ys, Zf and Zs, Zb and Zs. For example, if the graph displays
error propagation with respect to changes in Xf6, the total error will either be entirely
composed of error in Zs or will be split between errors in Zs and Xs.

Run 2
The Run 2 error graphs were produced by the same method as the Run 1error
graphs. Therefore, it is instructive to compare the graphs in this section with the graphs in
Run 1.
With this in mind, there are several differences between Fig. 34 and 58. The total
error in Fig. 58 is composed of both errors in Xs and Zs, whereas the total error in Fig. 34
is composed of errors in Zs.
Fig. 59 displays the three-line error propagation of Xs, Ys and Zs with respect to
changes in ZbD-a-7. As before, it is clear from comparing Fig. 58 and 59 that the three-

6

The “corresponding source coordinate” to Xf is Xs.
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line method reduces error. It is also important to notice that the graphs in Fig. 35 and 59
are very similar.

Figure 58 Two-line error propagation of Xs, Ys and Zs with respect to changes in XfD-a-7.

Figure 59 Three-line error propagation of Xs, Ys and Zs with respect to changes in XfD-a-7.
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Fig. 60 is interesting in that the error in Xs and Ys are approximately equal and
contribute equally to the value of total error. This stands in contrast to most of the error
graphs in Runs 1 and 2.

Figure 60 Two-line error propagation of Xs, Ys and Zs with respect to changes in YfD-a-7.

Figure 61 Two-line error propagation of Xs, Ys and Zs with respect to changes in YfD-a-7.
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Fig. 62 and 63 are similar to Fig. 50 and 51 that are found in Run 1. The only
differences between these graphs are that Fig. 62 and 63 both have Xs factor into their
total error.

Figure 62 Two-line error propagation of Xs, Ys and Zs with respect to changes in ZfD-a-7.
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Figure 63 Three-line error propagation of Xs, Ys and Zs with respect to changes in ZfD-a-7.

The total error in Fig. 64 is equivalent to the total error in Fig. 52. However, in
Fig. 64, Xs contributes to the total error, whereas in Fig. 52 the error is totally composed
of error in Zs. Notice the reduction of error in Fig. 65 due to the use of three-lines.
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Figure 64 Two-line error propagation of Xs, Ys and Zs with respect to changes in XbD-a-7.

Figure 65 Three-line error propagation of Xs, Ys and Zs with respect to changes in XbD-a-7.
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Other than in magnitude, the error graphs in Fig. 66 and 67 resemble the graphs in
Fig. 54 and 55. It is interesting to note that in Fig. 67, Zs, Xs and Ys contribute to the
total error. However, in Fig. 66, the total error is composed of the error in Zs and Xs.
This is the same phenomenon that occurred in Run 1 and is a curiosity of switching
between the two-line and three line methods in this instance.

Figure 66 Two-line error propagation of Xs, Ys and Zs with respect to changes in YbD-a-7.
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Figure 67 Three-line error propagation of Xs, Ys and Zs with respect to changes in YbD-a-7.

Fig. 68 and 69 are similar to 56 and 57 in shape but differ in magnitude and in the
components that compose their total errors. It is also observed that in Fig. 68 the error in
Ys actually becomes negative.
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Figure 68 Two-line error propagation of Xs, Ys and Zs with respect to changes in ZbD-a-7.

Figure 69 Three-line error propagation of Xs, Ys and Zs with respect to changes in YbD-a-7.
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The same general conclusions that were drawn from Run 1 can be drawn in Run
2. The first conclusion is that there is a reduction of error when using the three-line
method versus the two- line method. The second conclusion is that changes in the
Cerrobend coordinates cause a larger amount of error than changes in the corresponding
film coordinates. The final general conclusion is that total error is most entirely
composed of error in Zs or is split between errors in Zs and the corresponding source
coordinates.

Run 3
The graphs in Run 3 were produced through the same processes used in Runs 1
and 2. Fig. 70 differs from Fig. 58 in that it's more linear and its total error is composed
specifically of error in Zs. However, Fig. 70 and 34 are similar and differ only in
magnitude. Just as before, Fig. 71 displays a reduction in error due to the three-line
method.
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Figure 70 Two-line error propagation of Xs, Ys and Zs with respect to changes in XfD-a-7.

Figure 71 Three-line error propagation of Xs, Ys and Zs with respect to changes in XfD-a-7.

Fig. 72 is similar to Fig. 36 and 60 and no further comments are needed.
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Figure 72 Two-line error propagation of Xs, Ys and Zs with respect to changes in YfD-a-7.

Figure 73 Three-line error propagation of Xs, Ys and Zs with respect to changes in YfD-a-7.
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Fig. 74 and 75 are similar to Fig. 50, 51, 62 and 63 both in magnitude and in
shape. The only difference between these graphs is that in Fig. 62 and 63 the total error
is composed of error in Xs and Zs, whereas in Fig. 50, 51, 74 and 75 the total error is
entirely composed of Zs. The reasons for this are not entirely clear and may be a subject
for further research.

Figure 74 Two-line error propagation of Xs, Ys and Zs with respect to changes in ZfD-a-7.
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Figure 75 Two-line error propagation of Xs, Ys and Zs with respect to changes in ZfD-a-7.

Fig. 76 and 77 are similar to the corresponding Fig. of 64 and 65. However, Fig.
76 and 77 differ from Fig. 64 and 65 in that the error in Fig. 76 and 77 is entirely
composed of error in Zs.
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Figure 76 Two-line error propagation of Xs, Ys and Zs with respect to changes in XbD-a-7.

Figure 77 Three-line error propagation of Xs, Ys and Zs with respect to changes in XbD-a-7.

The Fig. in 78 and 79 are similar in most respects to Fig. 54, 55, 66, and 67 and
do not warrant any further discussion.
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Figure 78 Two-line error propagation of Xs, Ys and Zs with respect to changes in YbD-a-7.

Figure 79 Three-line error propagation of Xs, Ys and Zs with respect to changes in YbD-a-7.

The error propagation graphs in Runs 1, 2 and 3 that are generated through
changes in ZbD-a-7 are linear and only differ in their total error magnitudes. This can be
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seen from the similarities in Fig. 56, 57, 68, 69, 80 and 81. This fact shows that the error
response to changes in ZbD-a-7 is slow and follows a constant linear path. It should be
pointed out that this is also true for error propagation graphs that respond to changes in
ZfD-a-7.

Figure 80 Two-line error propagation of Xs, Ys and Zs with respect to changes in ZbD-a-7.
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Figure 81 Three-line error propagation of Xs, Ys and Zs with respect to changes in ZbD-a-7.

In all, Run 3 shows the same general conclusions as Runs 1 and 2. The first
conclusion is that there is a reduction of error when using the three-line method versus
the two- line method. The second conclusion is that changes in the Cerrobend
coordinates cause a larger amount of error than changes in the corresponding film
coordinates. The final general conclusion is that total error is most entirely composed of
error in Zs or is split between errors in Zs and the corresponding source coordinates.

Continuation of Experimental Errors
Experimental Errors Run 2
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Figure 82 Two-line error propagation of Xs, Ys and Zs with respect to changes in XfD-a-7 and XfD-b-8.

Figure 83 Three-line error propagation of Xs, Ys and Zs with respect to changes in XfD-a-7 ,XfD-b-8 and XfD-c9..
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Figure 84 Two-line error propagation of Xs, Ys and Zs with respect to changes in YfD-a-7 and YfD-b-8 .

Figure 85 Three-line error propagation of Xs, Ys and Zs with respect to changes in YfD-a-7 ,YfD-b-8 and YfD-c9..
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Figure 86 Two-line error propagation of Xs, Ys and Zs with respect to changes in ZfD-a-7 and ZfD-b-8 .

Figure 87 Three-line error propagation of Xs, Ys and Zs with respect to changes in ZfD-a-7, ZfD-b-8 and ZfD-c-9 .
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Figure 88 Two-line error propagation of Xs, Ys and Zs with respect to changes in XbD-a-7 and XbD-b-8.

Figure 89 Three-line error propagation of Xs, Ys and Zs with respect to changes in XbD-a-7, XbD-b-8 and XbD-c-9.
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Figure 90 Two-line error propagation of Xs, Ys and Zs with respect to changes in YbD-a-7 and YbD-b-8 .

Figure 91 Three-line error propagation of Xs, Ys and Zs with respect to changes in YbD-a-7, YbD-b-8 and YbD-c-9 .
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Figure 92 Two-line error propagation of Xs, Ys and Zs with respect to changes in ZbD-a-7 and ZbD-b-8 .

Figure 93 Three-line error propagation of Xs, Ys and Zs with respect to changes in ZbD-a-7, ZbD-b-8 and ZbD-c-9 .
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Experimental Errors Run 3

Figure 94 Two-line error propagation of Xs, Ys and Zs with respect to changes in XfD-a-7 and XfD-b-8.

Figure 95 Three-line error propagation of Xs, Ys and Zs with respect to changes in XfD-a-7 ,XfD-b-8 and XfD-c9..
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Figure 96 Two-line error propagation of Xs, Ys and Zs with respect to changes in YfD-a-7 and YfD-b-8 .

Figure 97 Three-line error propagation of Xs, Ys and Zs with respect to changes in YfD-a-7 ,YfD-b-8 and YfD-c9..
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Figure 98 Two-line error propagation of Xs, Ys and Zs with respect to changes in ZfD-a-7 and ZfD-b-8 .

Figure 99 Three-line error propagation of Xs, Ys and Zs with respect to changes in ZfD-a-7, ZfD-b-8 and ZfD-c-9 .
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Figure 100 Two-line error propagation of Xs, Ys and Zs with respect to changes in XbD-a-7 and XbD-b-8.

Figure 101 Three-line error propagation of Xs, Ys and Zs with respect to changes in XbD-a-7, XbD-b-8 and XbD-c-9.
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Figure 102 Two-line error propagation of Xs, Ys and Zs with respect to changes in YbD-a-7 and YbD-b-8 .

Figure 103 Three-line error propagation of Xs, Ys and Zs with respect to changes in YbD-a-7, YbD-b-8 and YbD-c-9 .
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Figure 104 Two-line error propagation of Xs, Ys and Zs with respect to changes in ZbD-a-7 and ZbD-b-8 .

Figure 105 Three-line error propagation of Xs, Ys and Zs with respect to changes in ZbD-a-7, ZbD-b-8 and ZbD-c-9 .
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